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Steiner Problem

leb C ={P4,...,pm} be & finile wllection of Poinls in |

Steiner Problem - Find a conneded seb K such that
Lc K and the \ength of K is minimel

im;? { /}‘{A(K) K Q/\RZ, comecled and such Le K}

The exisls a minimger to the OSleier problem
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Steiner Problem
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Steiner Problem

leb C ={P4,...,pm} be & finile wllection of Poinls in |

Steiner Problem - Find & conneded st K such thal
Lc K and the \ength o5 K is wminimel

1 Mimmigers are nebworks

; N ot s
W | composed of slrainth seamenls
i ‘ %f. meetmg al J[ripl(g Junécltions
N Sorming angles of 420"
? ! / | / orming ang
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Steiner Problem

leb C ={P4,...,pm} be & finile wllection of Poinls in |
Steiner Problem - Find 2 conneled st K

such, That

Lc K and the \ength o5 K is wminimel

Mimmigers are not HECCSS&FEJ unique

and lo

inimiser

1 th funcl




N CtWO . KS

O ndwork,  can be wen a5 & wugle W-(G,IY)

where G is an " abslrecl afaph” ehc\ P.GoR 52 mep
with, some \denxxg\cat\or\s (%%
[0 1]
fixed topo 0ay /—\
§!X€d 6

A ndwork s degenersle i Jiels,.m } such thet L(¥')=0

0 vebuorK comsed of shaighh seamert
ﬂ'\@n{ Y\;l/:g[ ’dtc%rl P‘czse \mCJ[\OYSlSr %Ormslf%men :

anges of 1200 15 celled mmimal
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Minimal nebworks are  local minimijers

Minimal nelworks are local mimmigers of the \er}qkj[ JCuncJ[iona\

[ Alessandre Pludo (Universit> di Pisa) [| Network Slow : Resolufion of sinculorities end gabilits | & |




Minimal nebworks are  local minimijers

Minimal nelworks are local mimmigers of the \er&qkj[ JCuncJ[iona\

in the sence tha

i W, :(G,[L(K:,...,K:“ is 2 mimmel nelwork

then thee eats §y0  weh  that
LIN) 5 L)

whenever I =G I 00" ¥
is a trip\e Jumtiom nebworK

sch thet 1¥ gt I e

l

Alessandra Pludo (Universi2 di Pise) || Network, Slow - Resolufion of sineularities ond  dbilits ||
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Fi xed Topoloag

The minimizers hove &l most o =m-2 triple Junclions .

Once we Six The toPo\oc% (we Six the under\ging 8raph G)
the iro\)\em reduces To delermine the locafion

of The Triple  junclions x, ., xm R

imd {f(xd,...)x,m) g x -pgl + o e XJ| | B s Koy eR*3

The proHem s covex.  Existence of minimiger is Trivial

Mimmi}ers can be O,ecoenerate
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Fi xed Topoloag

Mmimigers can be olecqenerete

Examplf:z
DATA _ . P
(0,41
PZ - ———
Do |
G P,
UNKNOWN
X, o
img{c’f(xd, )=I><4— I+Ix4—pz|+l —p3|+l ~p, |+ lx,- |

with X, e R 3




Fi xed Topoloag

Mmimigers can be olecqenerete

ExamplCz
DATA .
(0,41
PZ. ———
PSo -—
UNKNOWN
X, e
imig{c’?g(xq, )=I><4— I+Ix4—pz|+l ‘P@|+| - |+|x4‘ l

with X, e R 3




Fi xed J[opolog_g

The minimizers bove ol mosl = m-2 Triple junclions.

Once we §ix the Topo\ocg% (we $ix the under\ljing graph G)
the Prob\em reduces o delermine the location
o the tr\P|e Junctions

id { € (x,,. xm) = 2 Ixi-pil + el %l | e o % RS

The prob|em IS Convex. Fxistence  of minimiger is trivial .

The number of possible thiogies is  finile
Minimi}e amona all minimizecs with fixed topo\ogj

leflculTy the number of  possible topdog\es escaleles as
ﬂ\e number og Pomts B ofl increases
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Minimal Pertitions

Let meNand lt (3 cR® be an open el
We sy thet o E —GE NSNS = = Ceccioppoh porlition of () if

Een, IEnEl=0, IONDE,l-0 ad P(E Q) cre0.
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Minimal Partitions

Let meNand lt (2 cR® be an open sel.
We sy thet o E —GE NSNS = = Ceccioppo['\ porlition of () f

e, IEnE -0, IONOE,l=0 and P(E Q) oo
We dencle by Zb:(a*Eina*Eﬂ

v, oder  oubwerd rormel o E,
2y =% =-% unf romal to 2,

o porting Jom & 1o
DE)= £ PE, N




Minimal Partitions

Let meNand It O cR® be an open st

We sy thet o E —GE NSNS = = Cecciop()ot\ porlition of () if
e, IEnE -0, IONOE,l=0 and P(E Q) oo
\We  derole by Zb:(a*Eina*Eﬂ

v, oufer oubverd rommal Lo E,

% ===y unl norel to 2 poiiling Som E 1o E
DE)= £ P, N)
Mintmal ParTiY\'ons proHem igivemE :(E,i,_,ﬁm) §ind

im [®E) -E=(E, E) CeccioPPoL\ Part\t\'or\ of N
such that T‘.anfT‘“an 3

i Bi and o inimizer 1 th funchi \



Equ(ve[ence of Steiner and Minimal Prrfitions Toblem

el O be convex.
There exists 2 mmimijer o the Minimal Parmions Problem.

Ambl’OSID ’E?’El[JU

Morel - Solimini

Bakk
Jrnelo-Reldtini -l

arioni - Pluda
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el O be convex.
There exists 2 mmimijer o the Minimal Parmions Problem.
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are_equiva lent .
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Equ(ve[ence of Steiner and Minimal Prrfitions Toblem

Lel O be convex.
There exisls 2 mmimijer o the Minimal Parmions Problem.

Lel /C ={P4,.../Pm} be a finile cllection 03[ Poivf[s
on the boundarg o6 Q & convex.
Then, The Steiner Problem and U\Q Minimal ParTiUons Problem

are equive ent .

e E.
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Equ(ve[ence of Steiner and Minimal Prrfitions Toblem

Lel O be convex.
There exisls 2 mmimijer o the Minimal Parmions Problem.

e ={P4,...,Pm} be a finile cllection of poinls
on the boun&ary o Q K convex.
Thea the Steiner Problem and Ur\e Minimal Partit\'ons Prob\em

are equiva ent.

e E.

g € G
A gg EA E(,
Amb(OSID =5 Eral[ﬁj
i Pu . Pu Morel - Solimini
) Brakke
P T, = Amelo- Bellttini - Rolini

arioni - Pluda




Paired Ca|ibrétions

Let QQ/RZ be an open sl
A Pa\'red celibralion.  Sor 2 CecciopPoL\ Partit\on EsmeE C )

ie o colection of m ewroxxmate@ reé)u|ar veclor  Jields

D,,, 0, T 5K sch tht

» dwd, -0

2) \@i—(ﬁj lLa /Md—ae. in £
) (@i—éﬂ-vv -4 Hoae m Xy

LB\A/\Of = MDE@&\’L




Paired Ca|ibrétions

let (2 cR® be an open sel.
A paired celibralion  Sor = Cecc\oPPoL\ Partit\on EsmeE C )

e & colection of m awroxxmatelg reé)ular veclor  Jields

Q,,. 0, T >R sch tht

» dwd =0

2 10 - EXSJ lba Hize in O
) (@i—ﬁbﬂ-vv -4 Hoae m Xy

I (6, 0) s 2 pxr&d calibrslion for E =(E, E_ )
then E :(E,i,.,EM) s 2 minimiser Jor  the
minimal Partitions ProHem

Lawlor - Morcgam




(alibration (mplies minima\itg

QB 25 PE, Q) = x fM(Z + WX ,.00)
=2 jgum , gH 2 z L o (@1 3) v, dH’
=£ a2 "%%an e,

- AR SRR
E e, ol RGNS, 1)
=45 P, 0) = SE)




Lookir}q & the digerences

Given a Caccn‘oPPoLi Partition E-(E.EE) and

the veclor Fields Yo Yo W - 0 R such thet

di\)“w;) =088 |qy‘\)| < X IPS‘%J =4 H ae m Z‘J

and  with ﬂ\e ProFerty that Iﬂz +FLP; +It{|

the collection of veclor fields defined by

$ -(00),0--% -1, is a colibrefion for E-(EEE)
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Examp\e : ca\ibrahon Og ﬂne JLriP\e L')unction

Law\or = MD@&YL
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EXEMP‘E

: ca\ibrahon 0% ﬂne JLriP\e L')\mction

> @

ifa_di i and lo

inimiser
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EXEMP‘C

: ca\ibrahon Og ﬂne JLriP\e L')unction




Examp\e : ca\ibrahon Og ﬂne JLriP\e L')unction

> @
A

_kl)A_z & U _kfzs = Vza _Ll); = VD
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Examp\e of  rnon-existence o calibralion

"Caccioppob porlition E =(E4,‘,EM>“ is equi\/e\ent to
“cdledion of m Funclions u eBV(Q lo4) with .- 7CEL.H

1§ @=(®4,.._, @m> IS a Pe\red ce\\bretiorrvy for Ui,...,uMeB\/(Q,l[O//JE)
then the collection w,, _u, minitize 2 [ Du,l ()

among al collections of  m funclions v e BV(2 [o4])
with & finle number of velues o, , such thet

; G0 =4 for sexe and Tu -l w

Boratini-Orlandi- Oudet

(avioni -Pludk
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Examp\e & non-existence o5 calibralion

"CaccioPPOL\ Psrtit\'on = =(E4”EM>“ N equi\/elent to
“cdledion of m Funclions u eBV(Q lo4) with .- 7CEL.n

- &9
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A local minima\{t‘g resull

Ll N be a minimal ndtwork' conleined in
D homeomorphic 1o aclosed disk and with endpoints D 3D

Then there exisls & bounded open el 0
ad LU Y CaccioPPoLi Psrtition of O such the

N-0aOdJE

Moreover :there exils 2 Pe'\reo\ @ibdion for  inQ

Tn Particu\ar (S minimizer of
emong a“ heving the _me trece of E on aﬂ

/P\ W tla j@(}}j Q“@
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Broo§

prototgp\'cal comcl'gurations :




Preo§

\A/e J[ake a Trunceteé g-neich\m\\oocl
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Preo§

\A/e deo(ine ﬂwe partltion

=




Preo§

and lo

inimiser
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Preo§
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and lo
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Preo§
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and lo

inimiser
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Preo§

Q / /

s
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Currenls  with  coefficients in R”

A sform o with velues in R s an ey w-C(eo, ) of 4-Sorms
CZ@RA®R)) is the space of a-forms with velues in R™

A 1-curenl with  coefFicienls m B is a2 linear
and  conlinuous mep [ CoR AR SR

[ts mass is defined as
MT )= sup T T(0) - we (7 RIA R with Twllg, <4}
and s boundar9 is the o-currenl debined by
AT(W) = T(dw)  Mewe (Z@®RIA®))
Hleming , White
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A mass—miniwjetion Prob[em

Let {94,_..,9M_J be the caronical base of R™™ and Q= — ;4 9.

We deSine a norm -1 on R™™ n such a wey thet
given i any subsl of {4, ma} 1 hdds "%91 I =4
Gwven f}u,,..,pm} a finle cllection of poinls in K" we define
the o-current B = 946P4+ +9m<§%

Froblem (%) -
o { MCT) - T arectidicble wrrent with cefficerls in 2" 9T = BY
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A mass—miniwjetion Prob[em

Let {94,_..,9M_J be the caronical base of R™™ and Q= — 1-2=4 9.
Qiver, T any subsel of {4, m-a} it holds ||%:9i I =4

B=gbat + 0.6
wf { MECT) = T aerectificble wrent with aefficerls n Z ™ dT = BY
g, "= 98- 3> 5
‘3.
g+
g,
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A mass—miniwjetion prob[em

Let {94,_..,9M_J be the caronical base of R™™ and Q= — 1-2=4 oF
Qiver, T any subsel of {4, m-a} it holds ||% % I =4

B =g SR

wf { MECT) = T aerectificble wrent with cefficerls n Z ™ dT = BY
AR L B 1

3

9
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A mass - minimi 3eJ[ion problem

Let {94,-..,%_4} be the caronical base of R™™ and Q= — 1-2=4 9.
Qiver, T any subsel of {4, m-a} it holds "%91 I =4
B =g SR
wf { MECT) = T aerectificble wrent with cefficerls n Z ™ dT = BY
AN L E 1
A

et 3 3>"0u
24,9

i Bi and o inimizer 1 th funchi \



Equ(ve[ence 03C Stciner anci the mass m(niM|3at|'on rProHem

There exists Q minimijer to U\e mass-minim13etion ProHem (%)

MEYC\(\QSQ - MSSS&CCES\
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Equ(ve[ence 03C Stciner anci tL\e mass m(nimjah’on {ProHem

There exists Q minimijer to U\e mass-minim13etion ProHem (%)

T‘ne Stemer 'Problem and U\e mass—minim13etion ProHem (%)
are equ(va[ent.

Maranese - MSSS&CCES\
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Calibret(ons for é-currents

Let g be 2 normed sub(group of R

Let T=[Z,t,9] be a areclifiable currenl with
coefficients in A and el (R A(RY))

Then w is a calibralion for T if
1 dw =0
Dl 21

4
2) <0t 600> = el for M -ae xel
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Calibret(ons for é-currents

Let g be 2 normed sub(group of R

Let T=[Z,t,9] be a areclifiable currenl with
coefficients in A and el (R A(RY))

Then w is a calibralion for T if
1 dw =0
Dl 21

4
2) <0t 600> = el for M -ae xel

§ w is & calibrelion for T
then T is mass minimizing in ils homo|oglj class

ifa_di Bi and o inimizer 1 th funchi \




Equwa\ence of calibralions

Let fg‘,,...,gm_ﬂ be the canonical bese of K™ and g .= - §49

\A/e degme a porm |- 1 on RM Characte( 1366 b\ﬁ
teh Pﬂ)perg thal its unt ball s the snallest
Suc =l

”Z; 9 ” =1 \/\/\Hl LLJ 1 l}é{’i m}

(avioni - Pluda
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Equwe\eme of calibralions

Let ig‘,,...,eam_ﬂ be the canonical bese of K™ and g .= - 1_.2_49

\A/e degme a porm |- 1 on RM characte( \366 bkﬁ
J[eh Properg thal its unt ball s the snallest
Suc )=t

”Z 9 ” =1 \/\/\Hl LLJ 1 1)6{’1 mi

Then  there exists a permubhon o5 the [abe\\mg of

the poinls p,, . D h
eqiuveo\g)nca PO% 2 Unsg & \red caé\mgiestnonse and  the

calibralions  for g-currents

(avioni - Pluda
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\:rom mir\'\mat networks To g-currents

Z)

e go=(10), g=C%,-%) and g.--g.-g.
\/\/@ ChOOSQ a norm " ” on /IRZ SUCL\ ’[haJ[

lgll=Ng 0 =1 9.+l =1
Let g be the discrele group 9ener5[ed by 9% and g, wrl addifion

/P\ MAB 7(\)055 eﬁa
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\:rom mir\'\mat networks To g-currents

Z)

el 8‘=(4'O)’ 3{:(-%,-9_ and 9.5 9.9 .
\/\/e ChOOSQ a norm " ” on RZ SU&\ that
gl =gl = lg.+9.1 =4
el g be the discrele group 9ener5[ed by 9% and g, wrl addifion

ﬂ\ere IS a canomcal Wéy tO assocu{[e tO N m\mmal networK

a 1-rectifiable current s [Z o]
with coeSficienls in é such That

o TV =0 L) =MI(T)
and B aT-c6+ +c5% with cie{tgwtg,,:gj

MAB (\)055 e&a
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\:rom min\mat networks To g-currents

-H\?,\’E is a canomca’ \,/ay tO assouate tO N mm\mal networK

a a-recdifiable currend T = [Z ©] with coefficiedls in Q
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\:rom mir\'\mat networks To g-currents

-H\?,\’E is a canomcal \,/ay tO assouate tO N mm\mal networK

a a-redifiable currenl T = [Z 8] with coefficierls in QA

|
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\:rom mir\'\mat networks To g-currents

-H\?,\’E is a canomcal \,/ay tO assouate tO N mm\mal networK

a a-redifiable currenl T = [Z 8] with coefficierls in QA




9 p\oba\ W\\Y\\ma\ltg resu\t

There exisle w calibralion for the a-recifiable current f|_\

with coefficients_in {; cononicelly essoriefed o N winimal velwork
In perliculer T is mass winimiging  among _a-norml curvenls

with  coefficients i ® wih and with boundary B

{p\ W ga jPO}j Q“ﬁ
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9 p\oba\ W\\Y\\ma\ltg resu\t

There exisle w calibralion for the a-recifiable current f|_\

with coefficients_in {; cononicelly essoriefed o N winimal velwork
In perliculer T is mass winimiging  among _a-norml curvenls

with  coefficients i ® wih and with boundary B

e w=[52]

{p\ W ga jPO}j Q“ﬁ

i Bi and o inimizer 1 th funchi \




kojasiawicj—gimom inequa[‘t’

\

Let W, - (G (K:,...,B:)) be a minimal nelwork |
Then there exists  co, £>0, ®e (0,4] stk thet the Sollowing helde

W -0 (6,80 s e regu\er nebworK  such, thet
SA¥-5 0, <
Then

4-0

LD - L)1 e c (ZLIRT 6 = eI,




