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1/ The Isokinetic problem

min { PIE) + Q%µ, / ☒
= " }E < IR
"

where P is the Caccioppoli - De Giorgi perimetro
and

capirei: int { t.lk:1?-/MEt-Y
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1/ The Isokinetic problem

min { ME) + Q%µ, / ☒
= " }E < IR
"

where P is the Caccioppoli - De Giorgi perimetro
and

capirei: int { Il ᵈY;jY÷ / ME)-1
= Inf | [ uffa, | n ≥ 1 on E }

"

u EC; IR")

We are lmostly ) interested in the casa

a c- ④ 1)
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21 Physica & Mathematical Motivation s
Matheumhatly the model energy take the form
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^-

Ec IR
"

,
lei = un

d- (E) + Rte) INSTANCE S OF
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31 Relevavt questions
By seeding ( or uurdy by a proper sitting
of the pnrameters ) the problems translate into

A + e R
↑
-

MOSTLY CORRESPONDING TO A POSITIVE

POWER OF THE Mass he

AS E -0 implies 7 sfuiùuizvs , usually the
ball

-

u

and entro suggest, $7 ofwww.zers.sneisledtoaskwhether
Affar { no is the balla (stable ? ) miiaiter !

B) Is there M » s.li
. for E > M

,
non - existence

of uiuiuibers occurs ?
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41 A general Strategy for the existence issue

( KNÙPFER
-Muratov CPAM 2013/2014 ]FIGALLI - Fusco-MAGGI -Millar - MORINÉ CMP Lois

. For E = PEN + Et
EE k -gg

" -×

il Notice that Use acts as a volumetria

E : -

! F : -

Este Bra

If E is a un'uiniter
,

PIE) -PIF ] ≤ e Udf ) -VIE ))
E 2 r

"

i. e
. a uiuinizer of E is a quasi

- uiwiuizcrdfp .

Ii/ If F =D
,

IESBÌÌÉPE) - PIB] 1 E i.e .

a uiuiuizer is E- cbse to u'batt in Lt
Fusco - MAGGI - PRATELLI ANN . OF MATH .

208

④ CICALE SE - LEONARDI ARMA 2012

E ' GALLI - MAGGI- PRATELLI INVENT. MATH .
2010
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Iii / . . .

Lena

DE = { 4 + YA) ¥,
| ✗ EdBr , y :D?-'R}

!
i. e

'

,
E is a Marty spheial set

iv) Prove stability in the class of Marty
spherial sets .

.

(Esb /È PIE ) - PH] ≤ E ✗ IB) -VIENI EIESBÌ

by choong e smutlensuyh -

8/17



5/ The charged liquid drop model

We recall usw the
energy we are interested in

[ = PIE) + Ncap# )
Remain ; for n = 3

,
a = 2

,

this describes the

energy of a Charged liquid driplet (LORD Ritiene , 1882)

i
1- minimi-er µ of

t

+ capite) -- int Hd
,E.fi?-.avei=i

:
t
+ +

t is the EQULIBRIUM MEASURE of E .

( HARMONIC )

Esce. • If n- ✗ ≤ n -2
, sptnc.DE

• IL n- & > h -2 , Spt µ = È
• lf E = B

,
and n -✗ ≤ n-2 then

µ = csust.lt
" "

LIB

• If n -✗ = n - < & µ = csnst.lt
" -'

LIE
,
Then E- B

If u -a ≠ n - z
, Open problem

9117



6/ First results
Theater ( Goldman - Noragn - R . 2015)

• fet n - ✗ < n - 1
,
n ≥ 2 .

Then

min { PIE) + Eppes / lei =MI
dses MI aduits sstutiom .

Precise ly ,
the l.sc

.
reluxutiou in U of

P + I capi is P
-
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6/ First results
Theater ( Goldman - Moraga - R . 2015)

Iet n - ✗ < n - 1
,
n ≥ 2 .

Then

min { PIE) + Hippie , / lei =MI
dses me aduits sstutiom .

Precisehg , the l.sc .
reluxutiou in U of

P + 22 capo; is P
-

• An Interesting regular
-

Eaton proposal :( Munroe - Novara )PROC
. R.S . A . 2016

Reflue Capades
"

with

Cap:(E)
'

= mia / 114*40--1 sfida}F-y /
"-a

µ ⇐1 EE

theorem-i.J-ofmiuiuio.us hslds for

min / PIE ) + sìcapiie ) / lei = in } exist ,
( Muratov - Nomad

,2016

and regularity too ( DE PHKIPPIS - HIRSCH -Vescovo ,
CMP

, 2019)
I
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7/ h - ✗ ≥ n - 1 : the case mie
,
2=1

A f- Irst positive result ( FLAT Drops)

Theoreue : Iet n = 2
,
✗ =L

.

Then Have exist

an (explicit ) 2 . >o sit . if 2 ≤ 2 .
.

the ball

is the only un'uiuizer of Pt Ncap, .

If 2 > 2. there are ho un'uiuizers -

(Muratov - NOVAGA - R .

CPAM 2018)

Furthermsre
,
the l.sc

. envelope of P-12kg,
is given by

g-⇔ = / RE
) + Itunes if a ≤TIME)

PIE) + ITL2 - Capalle))
( MURATOV - NOVAGA - R

ARMA 2022 )
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8) n - a ≥ h -2 : the general case

Theo rene ( GOLDMAN - Novalis -R. PREPRINT 2022)

Iet n >,2 , hah
- ✗ In-1 .

There exists 2
,
>o

s.t.it 2<2 . then the ball is the ouly
niiiuizer of P -1 Napa .
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8) n - a ≥ h -2 : the general case

Theo rene ( GOLDMAN - Novalis -R. PREPRINT ↳22)

Let uh , hah
- ✗ In-1 .

There exists 2
,
>o

s.t.it 2<2 . then the ball is the ouly
uiiiuizer of Pt Napa .

MAIN IDEAS IN THE Froot

• Consideri first n-× - n - s and lit

[[E) =P# + %cap.IE)
- Show existence of GENERAL / 2- ED MINIMIZESRS

,
i. e

.

a

"

set
"

(Ei)
,:* ( R

"

)
""
sit . [ lei / = in

and -2 E dei) ≤ ? {elfi) ¥ (Fi) ; siri

& Film
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• Show that
any E : satisfies

PE :) ≤ PIF) + c. r
" - ×

Rilevanti ineguali tp : Èe < Br

(capi)
"

(F) -(cap ;)
_ '

(E) ≤ Capi) (Ese )

E rn
- a
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• Show that
any E : satisfies

PE :) ≤ PIF) + CQ?r
" - ×

E

Rilevanti ineguali : e < Br

(capi)
"

(F) -(cap ;)
_ '

(E) ≤ Capi)(Est )

E rn
- a

- For ✗ EHI] this implies Unicorn density
estimntes entaiting :

• 7 of Classical hiciuizer

(
" ×

- regularity of wiiuizers -

Henie : sente [→o and
,
✓ in the quantitative

isoperimetrica iuyuutty and a perturbativi argument,
conclude that the ball is the on .ly uiciuizer

_
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9/ The case 2=1

If a =L , the quasi - uiuinizwtiou

PIE) E PIF) + 22 r""

das not implies (
""

regularity .

But
. . .
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9/ The case 2=1

lf ✗ =L
,
the quasi - uiuinizwtiou

PIE) E PIF) + 22 r""
,
Est < Br (*I

das not implies (
""

regularity .

But
. . .

¥m (Ambrosia - Paolini 1999
,
GOLDMAN - NOVAGA - R ↳ 22)

There exists d. «1 St. if 2<2
.

and

E is a quasi uiuiuizer in
the Gun of it) ,

then E is a Reifenberg - flat set .

Moreau
,
are can improv the quasi- m'www.tpiueyuubtpas

PCEJEPIF ) + C ( (| MÌ" )
#

+ r
" ) ,

Esteban
Br

Henie

( ↓ ME
" )
#
≤ r

""

for sangue
the required regularity holds !
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thesz ( GOLDMAN - Novalis - R .
2022 )

There exists Qo > o s.to . if 2<90 then

( | Me"÷ )
"

≤ r
" - ×

intere ✗ c-IE
,

Boh

8--8/442) -1

i
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Theoreui ( GOLDMAN - Novalis - R .
2022 )

There exists Qo > o s.to . if 2<9 , Then

/ / ne
÷

≤ r
" - &

,
where ✗ EIE

,

Boh

8--8/442) -1

MAIN STEPS IN THE PROOF

'/ A regularity risulti
.

Following TERRACINI - VERZIM -0140 JEMS 2016 We show

that the capacitarsi potential Ue , solving
(1)
"
ne = o on K

" / E
or {1-

d)
"
"EYE| Ne = con'st

.

0h E
mela)

.

- o

Uefa) ≥ 0

is Hilder autubus up to IE ,
so that

Me = (1)
""
ne ≈ distl.de)

-4 -1 )

for Ssme g > o _
'Sft



21 A
covering argument

As Me E disti . / de)
- ""

and

E is Reifenberg flat , one can cover

E with shrinking bulls

~÷É÷
:* "

" e'

2
.

( "" Imi: "

F-

i.

Iterato and andate via a renren.mg
argument -
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