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The classical isoperimetric clustering problem

A cluster is a collection of pairwise
disjoint sets in Rn.

E = {E1,E2, . . . ,Em}, m ≥ 1

v1

v2 v3

Volume: |E| = (|E1|, |E2|, . . . , |Em|) ∈ (R+)m.

Perimeter: P(E) = Hn−1(∂∗E), where ∂∗E =
⋃
∂∗Ei .

Notice: P(E) =
1

2

(
m∑
i=1

P(Ei ) + P (∪m
i=1Ei )

)

Isoperimetric clustering problem

Given v = (v1, . . . , vm) ∈ (R+)m, consider

inf {P(E) : |E| = v} .

Solutions are called (m-)isoperimetric clusters.
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The classical isoperimetric clustering problem

(i) ∃ + regularity of solutions in Rn, n ≥ 2: [Almgren Memoirs AMS (1976)]

E minimal =⇒ ∂E smooth outside singular set Σ, Hn−1(Σ) = 0.

(ii) Structure of singularities Σ in R2: [Morgan (1994)]

(see [Taylor Annals of Math (1975)] for n = 3)

E minimal =⇒ ∂E = ∪ smooth cmc curves
meeting in threes at 120◦.

f=f(0,v)120

120 120

x

y

(iii) Classification of isoperimetric clusters?

(m = 1) Isoperimetric problem: solutions are balls.

x

t

y

isoperimetric
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Classification of isoperimetric clustering problem

(m = 2) Double bubble problem. Solutions are standard double bubbles:

Images from [Foisy & al. Pacific J. Math. (1993)] and [Maggi (book) (2012)]

[Foisy & al. Pacific J. Math. (1993)]; [Hutchings, Morgan, Ritoré & Ros Annals of Math.

(2002)]; [Reichardt JGA (2008)]

(m = 3): If n = 2, solutions are the standard triple bubbles: [Wichiramala (2004)]

Image from [Wichiramala Crelle (2004)]

(m = 4) n = 2, same volumes [Paolini & Tortorelli Calc. Var. PDEs (2018)], [Paolini &

Tamagnini COCV (2018)].
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Examples of isoperimetric clusters in the plane
(m ≤ min{4, n}): [Milman&Neeman preprint (1 June 2022)]

Solution in Rn and Sn of the Multiple Bubble conjecture for
m = 2 - Double Bubble: ∀n ≥ 2,
m = 3 - Triple Bubble: ∀n ≥ 3
m = 4 - Quadruple bubble: ∀n ≥ 4.

→ E. Milman talk: Thursday 23/06, 17h.

(”m =∞”) Honeycomb theorem [Hales Discrete & Comp. Geom. (2001)]]: a regular
hexagonal grid is the best way to tassellate the plane into regions of equal area
with the least total perimeter.

Image from Morgan’s book

(m ≥ 5) OPEN. Numerical simulations (e.g. [Cox, Morgan, Graner Proc. Royal Soc.

A (2013)], [Del Nin Adv. Calc. Var. (2019)])
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Today’s subject

Planar clustering problem

inf {Ph(E) : |E|f = (v1, . . . vm)} ,

Ph(E) =
1

2
(

m∑
i=1

Ph(Ei ) + Ph(∪m
i=1Ei )),

for volume and perimeter with densities

Ph(E) =

∫
∂∗E

h(x , ν(x)) dH1(x), |E |f =

∫
E

f (x) dx .

h : R2 × S1 → (0,+∞), f : R2 → (0,+∞), l .s.c.

Examples:

Gaussian plane h(x) = f (x) = 1
2π
e−
|x|2

2 .
→ [Milman & Neeman Annals of Math. (2022)] in dimension n ≥ 2, with m ≤ n.

Wulff perimeters [Fonseca Proc. Roy. Soc. London Ser. A (1991)], [Morgan French

Greenleaf JGA (1998)]

A motivating example from sub-Riemannian geometry: the Grushin plane.
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Grushin perimeter

Denote x = (x1, x2) ∈ R2. For a ≥ 0, E ⊂ R2 smooth set, let

Pha(E) :=

∫
∂E

√
ν2

1 + |x1|2aν2
2︸ ︷︷ ︸

ha(x,ν(x))

dH1(x).

* Related with the Heisenberg geometry.

* Pa is anisotropic, not translation
invariant, not uniformly elliptic:

ha(x , ν(x)) = 0

if x = (0, x2) and ν = (0,±1).
<latexit sha1_base64="9ZM7S+G83lN2q6ej+XOGfnteeuM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgmkLbSib7aZdutmE3YlYSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewsrq2vlHcLG1t7+zulfcPGibJNOM+S2SiWyE1XArFfRQoeSvVnMah5M1weDv1m49cG5GoBxylPIhpX4lIMIpW8p+63rXXLVfcqjsDWSZeTiqQo94tf3V6CctirpBJakzbc1MMxlSjYJJPSp3M8JSyIe3ztqWKxtwE49mxE3JilR6JEm1LIZmpvyfGNDZmFIe2M6Y4MIveVPzPa2cYXQVjodIMuWLzRVEmCSZk+jnpCc0ZypEllGlhbyVsQDVlaPMp2RC8xZeXSeOs6l1Uz+/PK7WbPI4iHMExnIIHl1CDO6iDDwwEPMMrvDnKeXHenY95a8HJZw7hD5zPHwGEjis=</latexit>

x1 = 1

<latexit sha1_base64="hN/izRvsack0mRN/J0YXbXwvU+s="></latexit>

{⌫ 2 R2 : h(x, ⌫)  1}
<latexit sha1_base64="nqIqCwR22PdUC6ku3z82UrL/ce8=">AAAB7HicdVDLSgMxFM3UV62vqks3wSJUkCHTTh/uim5cVnDaQjuUTJq2oZnMkGSEMvQb3LhQxK0f5M6/MX0IKnrgwuGce7n3niDmTGmEPqzM2vrG5lZ2O7ezu7d/kD88aqkokYR6JOKR7ARYUc4E9TTTnHZiSXEYcNoOJtdzv31PpWKRuNPTmPohHgk2ZARrI3lFdOGc9/MFZDuVcvWyBpHtVh1ULxtSr1fcEoKOjRYogBWa/fx7bxCRJKRCE46V6joo1n6KpWaE01mulygaYzLBI9o1VOCQKj9dHDuDZ0YZwGEkTQkNF+r3iRSHSk3DwHSGWI/Vb28u/uV1Ez2s+ykTcaKpIMtFw4RDHcH553DAJCWaTw3BRDJzKyRjLDHRJp+cCeHrU/g/aZVsp2q7t26hcbWKIwtOwCkoAgfUQAPcgCbwAAEMPIAn8GwJ69F6sV6XrRlrNXMMfsB6+wSNJY3j</latexit>

(0, 1)

* There exists a transformation Φ : R2 → R2 such that

Pha(E) = PEucl(Ψ(E)) (h ≡ 1), L2(E) = |Ψ(E)|fa , fa(x1, x2) =
C

|x1|
a

a+1
.

→ Grushin double bubble
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Today’s subject

Planar clustering problem for volume and perimeter with densities

inf {Ph(E) : |E|f = (v1, . . . vm)} ,

Ph(E) =
1

2
(

m∑
i=1

Ph(Ei ) + Ph(∪m
i=1Ei )),

(m=1) isoperimetric problem with density. [Cabré, Cañete, Cinti, De Philippis,

Franzina, Fusco, Maggi, Miranda, Morgan, Pratelli, Rosales, Ros-Oton, Saracco, Serra,... ]

∃ and regularity are in general not expected. Today, we do not focus on ∃.

Are there assumptions under which minimizers are regular out of a
small set?

What about the structure of the singular set depending on h, f ?

f=f(0,v)120

120 120

x

y
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Outline

1 Intro: Isoperimetric clustering problem

2 First part: Isotropic perimeter density

3 Second part: The anisotropic case
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Isotropic perimeter density

Ph(E) =

∫
∂∗E

h(x) dH1(x), |E |f =

∫
E

f (x) dx .

A preliminary version of our result is the following

Theorem (F., Pratelli, Stefani Comm. Cont. Math (2022))

Assume that

H1: h is locally α-Hölder, for some α ∈ (0, 1);

H2: f is loc. bdd., and the f -vol. of Eucl. balls satisfies the growth condition

|BEucl(x , r)|f . rη, η > 1/β, r � 1, β =
1

2− α

Then the boundary of any isoperimetric cluster is a locally finite union of
regular arcs joining in triple points at 120◦.

“regular” = C 1,γ arcs with γ = 1
2

min{ηβ − 1, α}.
(Growth): Euclidean, Gaussian: η = 2;
Grushin (h ≡ 1, f ≡ Ca|x1|−

a
a+1 ): η = a + 2.
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Idea of the proof

Key point: show that multiple points are loc. finite & triple.
Once this is done, regularity follows in a classical way [Tamanini (1984)].

1) Length bound in small balls for minimizers: E minimal =⇒ ∃R ≤ 1 :

H1(∂∗E ∩ B(x , r)) <
13

2
r , ∀r < R, x ∈ R2.

Proof. Let E = minimizer,
B(x , r) =small ball.

∆P = P(E ′)− P(E) ≤ 2πr h̃max − P(E ;B(x , r)), (1a)

|∆V | ≤ m|B(x , r)|f . (1b)

Need to repristinate the volume!
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ε− ε property

ε− ε property

<latexit sha1_base64="BDKU4KGqNtIndHYJgxm6Nj4rPsM=">AAACBnicbVDJSgNBEO1xjXEb9ShCkyAIQpgRUY9BPXiMYBbIDKGnU5M06Vno7hGGSU5e/AB/wosHRbz6Dd7yN3YWQRMfFDzeq6KqnhdzJpVlDY2FxaXlldXcWn59Y3Nr29zZrckoERSqNOKRaHhEAmchVBVTHBqxABJ4HOpe72rk1+9BSBaFdyqNwQ1IJ2Q+o0RpqWUe9J1r4IrgSt/hIKVkAf6Rav2WWbRK1hh4nthTUiwXnOOnYTmttMwvpx3RJIBQUU6kbNpWrNyMCMUoh0HeSSTEhPZIB5qahiQA6WbjNwb4UCtt7EdCV6jwWP09kZFAyjTwdGdAVFfOeiPxP6+ZKP/CzVgYJwpCOlnkJxyrCI8ywW0mgCqeakKoYPpWTLtEEKp0cnkdgj378jypnZTss9LprU7jEk2QQ/uogI6Qjc5RGd2gCqoiih7QM3pFb8aj8WK8Gx+T1gVjOrOH/sD4/AbmtZu/</latexit>|�P | . |�V |

“Gently pushing” we can modify a cluster in volume of
∆V by changing its perimeter of

|∆P| . |∆V |.

* [Almgren (1976)] Euclidean perimeter.

ε− εβ property, 0 < β ≤ 1

E satisfyies the ε − εβ property if ∀ε ∈ Rm, |ε| � 1, ∀x ∈ R2, there
exist a cluster F and a radius Rβ such that F∆E ⊂⊂ R2 \B(x ,Rβ) and

|F|f − |E|f︸ ︷︷ ︸
∆V

= ε , Ph(F)− Ph(E)︸ ︷︷ ︸
∆P

. |ε|β .

* [Cinti,Pratelli Crelle (2012)], [Pratelli, Saracco Adv Nonlin St (2019)]:

f , h loc. bdd, h = h(x , ν) is α-Hölder in x =⇒ any cluster of loc. finite

perimeter satisfies the ε− εβ property with β =
1

2− α .
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Idea of the proof
1) Perimeter bound in small balls for minimizers: E minimal =⇒ ∃R ≤ 1 :

H1(∂∗E ∩ B(x , r)) <
13

2
r , ∀r < R, x ∈ R2.

Proof. Let E = minimizer,
B(x , r) =small ball.

∆P = P(E ′)− P(E) ≤ 2πr h̃max − P(E ;B(x , r)), (1a)

|∆V | ≤ m|B(x , r)|f = ε. (1b)

Repristinate the volume via (ε− εβ prop.):

=⇒ ∃E ′′ : |E ′′|f = |E|f , P(E ′′) ≤ P(E ′) + C |ε|β
growth |B(x,r)|f≤Cη rη︷ ︸︸ ︷
≤ P(E ′) + Crηβ . (2)

By minimality:

�
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growth |B(x,r)|f≤Cη rη︷ ︸︸ ︷
≤ P(E ′) + Crηβ . (2)

By minimality: ���P(E)≤ P(E ′′) ≤���P(E) + 2πr h̃max − P(E ,B(x , r)) + Crηβ

H1(∂∗E ∩ B(x , r)) ≤ P(E ,B(x , r))

h̃min

≤ 2πr
h̃max

h̃min

+ Crηβ <
13

2
r .

�
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2) The boundary of many small balls contains ≤ 3 points of ∂∗E :

Proof. Start from ≤ 6.

∃R < 1 : ∀x ∈ R2, r ≤ R, ∃ρ ∈
( r

14
, r
)

: ] (∂∗E ∩ ∂B(x , ρ)) ≤ 6.
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2) The boundary of many small balls contains ≤ 3 points of ∂∗E :

Proof. Start from ≤ 6. → pass to ≤ 5 via Steiner 120◦

<latexit sha1_base64="UCglXXnn7PEP6ecav+Cat9AdRyk=">AAAB8HicbVDJSgNBEO2JW4xb1KOXJkGIKGFGRD2GePEYwSySGUJPpydp0svQ3SMOIV+hBw+KePVzvOVv7CwHTXxQ8Hiviqp6YcyoNq47djIrq2vrG9nN3Nb2zu5efv+goWWiMKljyaRqhUgTRgWpG2oYacWKIB4y0gwHNxO/+UiUplLcmzQmAUc9QSOKkbHSQ7X0dOarvjzp5Itu2Z0CLhNvToqVgn/6Mq6ktU7+2+9KnHAiDGZI67bnxiYYImUoZmSU8xNNYoQHqEfalgrEiQ6G04NH8NgqXRhJZUsYOFV/TwwR1zrloe3kyPT1ojcR//PaiYmugyEVcWKIwLNFUcKgkXDyPexSRbBhqSUIK2pvhbiPFMLGZpSzIXiLLy+TxnnZuyxf3Nk0qmCGLDgCBVACHrgCFXALaqAOMODgGbyBd0c5r86H8zlrzTjzmUPwB87XD9XcksQ=</latexit>

B(x, ⇢)

∃R < 1 : ∀x ∈ R2, r ≤ R, ∃ρ ∈
( r

14
, r
)

: ] (∂∗E ∩ ∂B(x , ρ)) ≤ 6.
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120◦ rule

If A,B,C ∈ R2 are three points such that |A− C | = |B − C |, and the
angle AĈB is ≤ 120◦, then there exists a unique point F minimizing
the sum of the distances from the three points A,B,C and it has the
120◦ property.

A B

C

F120◦

From Math Circles @ Math UNIPD.
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2) The boundary of many small balls contains ≤ 3 points of ∂∗E

Proof. Start from ≤ 6. → pass to ≤ 5 via Steiner 120◦.

<latexit sha1_base64="UCglXXnn7PEP6ecav+Cat9AdRyk=">AAAB8HicbVDJSgNBEO2JW4xb1KOXJkGIKGFGRD2GePEYwSySGUJPpydp0svQ3SMOIV+hBw+KePVzvOVv7CwHTXxQ8Hiviqp6YcyoNq47djIrq2vrG9nN3Nb2zu5efv+goWWiMKljyaRqhUgTRgWpG2oYacWKIB4y0gwHNxO/+UiUplLcmzQmAUc9QSOKkbHSQ7X0dOarvjzp5Itu2Z0CLhNvToqVgn/6Mq6ktU7+2+9KnHAiDGZI67bnxiYYImUoZmSU8xNNYoQHqEfalgrEiQ6G04NH8NgqXRhJZUsYOFV/TwwR1zrloe3kyPT1ojcR//PaiYmugyEVcWKIwLNFUcKgkXDyPexSRbBhqSUIK2pvhbiPFMLGZpSzIXiLLy+TxnnZuyxf3Nk0qmCGLDgCBVACHrgCFXALaqAOMODgGbyBd0c5r86H8zlrzTjzmUPwB87XD9XcksQ=</latexit>

B(x, ⇢)

∃R < 1 : ∀x ∈ R2, r ≤ R, ∃ρ ∈
( r

14
, r
)

: ] (∂∗E ∩ ∂B(x , ρ)) ≤ 6.

3) At most 3 colors at small scales ⇐ No-islands (cf. no-infiltration in
immiscible fluids [Leonardi (2001)])
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2) The boundary of many small balls contains ≤ 3 points of ∂∗E

Proof. Start from ≤ 6. → · · · ≤ 3
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4) Distinguish 2 different cases

=⇒ Interface regularity in small balls and 120o rule.
∗ 2 colors: geometric version of [Tamanini (1984)]

∗ 3-color points are a positive distance apart.
�

We have used

(H0) The regularity of h for the C 1 regularity of the free boundary;

(H1) ε− εβ property;

(H2) Growth condition |B(x , r)|f . rη.
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Our isotropic result

Theorem (F., Pratelli, Stefani Comm. Cont. Math. (2022))

Assume that

H0: h is continuous,
√
h is Dini continuous (i.e.,

∫ 1

0

√
ωh(t)

t
dt < +∞ );

H1: E satisfies the ε− εβ property for 0 < β < 1;

H2: the f -volume of Euclidean balls satisfies the growth condition

|BEucl(x , r)|f . rη, η > 1/β, r � 1.

Then the boundary of an isoperimetric cluster E is a locally finite union of C 1

arcs meeting in triple points at 120◦.
If h is α-Hölder, the arcs are C 1,γ with γ = 1

2
min{ηβ − 1, α}.

* The case ηβ = 1 can be also treated, implying C 1 regularity of the free
boundary, under some extra assumptions (t 7→ Cβ [t] is regular).

Otherwise it may fail. For example:
Euclidean volume f ≡ 1,
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Outline

1 Intro: Isoperimetric clustering problem

2 First part: Isotropic perimeter density

3 Second part: The anisotropic case
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Our anisotropic result

Ph(E) =

∫
∂∗E

h(x , ν(x)) dH1(x), |E |f =

∫
E

f (x) dx .

* ηβ = 1 as in the isotropic case.
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The assumptions: convexity and roundedness

H0b: h is C1, strictly convex and uniformly round in ν.

Let h(x , λν) = λh(x , ν), λ ≥ 0 and set C(x) :=
{
ν ∈ R2 : h(x , ν) ≤ 1

}
.

Strict convexity: C is strictly convex for all x ∈ R2.

Uniform roundedness: the curvature of C(x) is bounded
from below by c > 0 locally uniformly w.r.t. x .

x<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

y
<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>

<latexit sha1_base64="vmP/+jfbIOlQ70me3CmxbDXo9RE=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEqhex2IvHCvYD21A22027dLMJuxuhhP4LLx4U0aM/xLsX8d+4aXvQ1gcDj/dmmDfjx5wp7TjfVm5peWV1Lb9ub2xube8UdvcaKkokoXUS8Ui2fKwoZ4LWNdOctmJJcehz2vSH1cxv3lOpWCRu9SimXoj7ggWMYG2ku06I9YBgjqrdQtEpOROgReLOSPHyw76I377sWrfw2elFJAmp0IRjpdquE2svxVIzwunY7iSKxpgMcZ+2DRU4pMpLJ4nH6MgoPRRE0pTQaKL+nkhxqNQo9E1nllDNe5n4n9dOdHDupUzEiaaCTBcFCUc6Qtn5qMckJZqPDMFEMpMVkQGWmGjzJNs8wZ0/eZE0TkpuuXR64xQrVzBFHg7gEI7BhTOowDXUoA4EBDzAEzxbynq0XqzXaWvOms3swx9Y7z9lGZO9</latexit>C

* Strict convexity is used both to prove that multiple junctions are locally
finite triple points and for the regularity of the free boundary.

* Uniform roundedness is only used for the regularity of the free boundary.

Regularity of the free boundary may fail already for
m = 1 if h is not strictly convex and uniformly round.
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The assumptions: quadruple points and C1 regularity

H0b: h is C1, strictly convex and uniformly round in ν.

* The fact that junction points are necessarily triple is related to the fact that
h ∈ C1!

C

E1

E2

E3

E4

The unit ball C for h(ν) = `1(ν). Isoperimetric clusters may have quadruple
junctions [Morgan,French,Greenleaf JGA (1998)].

On the right: the unit ball C for a modification of the `1 norm that gives h
strictly convex and uniformly round, but not C 1.

Quadruple points are still allowed in minimizers!
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Comments

The anisotropic Steiner rule:

* Using that h is C1 and strictly convex in ν, we
prove that in small balls, no more than three radii
can meet in order to minimize their anisotropic
perimeter.
→ [Alfaro et al Pacific J Math (1998)], [Lawlor & Morgan

Pacific J Math (1994)] for minimizing networks.

→ Proof of the anisotropic result

Directions at multiple points:

* Criticality: If τ1, τ2, τ3 ∈ S1 are the tangent directions to the boundary of an
isoperimetric cluster meeting at a triple point O

=⇒ ∇h(τ1) +∇h(τ2) +∇h(τ3) = 0,

where h is the perimeter density (computed on vectors rotated of 90 degrees)
and “freezed” at the multiple point O.

* Number of admissible triples: depends on whether h(x , ν) = h(x ,−ν) or not.
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The role of the symmetry of h

Perimeter: Ph(E) =
∫
∂∗E h(x , ν(x)) dH1(x)

Ph(E) =
1

2

(
m∑
i=1

Ph(Ei ) + Ph (∪m
i=1Ei )

)

If x ∈ ∂∗Ei ∩ ∂∗Ej : in P(E) appears
1

2

(∫
∂∗Ei

h(x , ν) dH1 +

∫
∂∗Ei

h(x ,−ν) dH1

)
If x ∈ ∂∗Ei ∩ ∂∗E0: in P(E) appears

∫
∂∗Ei

h(x , ν) dH1, where E0 = R2 \
⋃m

i=1 Ei

The contributions coming from the “colored”
sets may be different from the
ones coming from the “white” one.
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Possible directions at multiple points

How many triples of directions are possible?

* If h(x , ν) = h(x ,−ν): Given τ1 ∈ S1, ∃!(τ2, τ3)

<latexit sha1_base64="O+HNpfACzHjfOww9rfS8NwilZkI=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVJIi6rHoxWMF+wFtKJvtpl26uwm7G7GE/hUvHhTx6h/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7dJOeXdv/+DQPaq0dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gknt7nfeaRKs1g+mGlCA4FHkkWMYGOlgVuJE8ME5mjIFCW5pgdu1at5c6BV4hekCgWaA/erP4xJKqg0hGOte76XmCDDyjDC6azcTzVNMJngEe1ZKrGgOsjmt8/QmVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE10HGZNJaqgki0VRypGJUR5E8TCfWoKJYvZWRMZYYWJsXGUbgr/88ipp12v+Ze3ivl5t3BRxlOAETuEcfLiCBtxBE1pA4Ame4RXenJnz4rw7H4vWNaeYOYY/cD5/AGlXlLA=</latexit>

optimal directions
<latexit sha1_base64="JK6ESyeqOFaY9a3l6aldTVpTXNY=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0jS0NaDUPTisaKthTaUzXbTLt18sLsRSuhP8OJBEa/+Im/+GzdtBRV9MPB4b4aZeX7CmVSW9WEUVlbX1jeKm6Wt7Z3dvfL+QUfGqSC0TWIei66PJeUsom3FFKfdRFAc+pze+ZPL3L+7p0KyOLpV04R6IR5FLGAEKy3dJOfVQblimWeNmuPWkGVaVt127Jw4dbfqIlsrOSqwRGtQfu8PY5KGNFKEYyl7tpUoL8NCMcLprNRPJU0wmeAR7Wka4ZBKL5ufOkMnWhmiIBa6IoXm6veJDIdSTkNfd4ZYjeVvLxf/8nqpChpexqIkVTQii0VBypGKUf43GjJBieJTTTARTN+KyBgLTJROp6RD+PoU/U86jmnXTPfarTQvlnEU4QiO4RRsqEMTrqAFbSAwggd4gmeDG4/Gi/G6aC0Yy5lD+AHj7RMx243D</latexit>

p = 3
<latexit sha1_base64="v7Q45c2NaGN4Ns04vfUFdl0nneE=">AAAB7HicdZDNSsNAFIVv6l+tf1WXbgaL4CokpVU3QtGNywqmLbSxTKaTduhkEmYmQil9BjcuFHHrA7nzbZy0KajogYHDd+9l7j1BwpnSjvNpFVZW19Y3ipulre2d3b3y/kFLxakk1CMxj2UnwIpyJqinmea0k0iKo4DTdjC+zurtByoVi8WdniTUj/BQsJARrA3yksvqfb1frjh23cmEHNtZmpy4OalArma//NEbxCSNqNCEY6W6rpNof4qlZoTTWamXKppgMsZD2jVW4IgqfzpfdoZODBmgMJbmCY3m9PvEFEdKTaLAdEZYj9TvWgb/qnVTHV74UyaSVFNBFh+FKUc6RtnlaMAkJZpPjMFEMrMrIiMsMdEmn5IJYXkp+t+0qrZ7Ztdua5XGVR5HEY7gGE7BhXNowA00wQMCDB7hGV4sYT1Zr9bborVg5TOH8EPW+xcJo44x</latexit>
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<latexit sha1_base64="TFJn4X31r3nZrlDXCx1xoNtoKMk=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKeyEkMdBCHrxGNE8IFnC7GSSDJmdXWZmhbDkE7x4UMSrX+TNv3E2iaCiBQ1FVTfdXX4kuDau++Fk1tY3Nrey27md3b39g/zhUVuHsaKsRUMRqq5PNBNcspbhRrBupBgJfME6/vQq9Tv3TGkeyjszi5gXkLHkI06JsdJtdFEa5Atu0XVdjDFKCa5WXEvq9VoJ1xBOLYsCrNAc5N/7w5DGAZOGCqJ1D7uR8RKiDKeCzXP9WLOI0CkZs56lkgRMe8ni1Dk6s8oQjUJlSxq0UL9PJCTQehb4tjMgZqJ/e6n4l9eLzajmJVxGsWGSLheNYoFMiNK/0ZArRo2YWUKo4vZWRCdEEWpsOjkbwten6H/SLhVxpVi+KRcal6s4snACp3AOGKrQgGtoQgsojOEBnuDZEc6j8+K8LlszzmrmGH7AefsEHT6Ntg==</latexit>

p = 2

<latexit sha1_base64="rLwzxAKX4erp8cPourJYMuuG/Gg=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qBeh6MVjBfsBTSib7aZdutnE3U2xpP0dXjwo4tUf481/47bNQVsfDDzem2Fmnh9zprRtf1u5ldW19Y38ZmFre2d3r7h/0FBRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7id+s0hlYpF4kGPYuqFuCdYwAjWRvLc1B0/uePO+bXjTjrFkl22Z0DLxMlICTLUOsUvtxuRJKRCE46Vajt2rL0US80Ip5OCmygaYzLAPdo2VOCQKi+dHT1BJ0bpoiCSpoRGM/X3RIpDpUahbzpDrPtq0ZuK/3ntRAdXXspEnGgqyHxRkHCkIzRNAHWZpETzkSGYSGZuRaSPJSba5FQwITiLLy+TxlnZuShX7iul6k0WRx6O4BhOwYFLqMId1KAOBB7hGV7hzRpaL9a79TFvzVnZzCH8gfX5A2U3kd0=</latexit>{kxk3 = 1}

* If h(x , ν) 6= h(x ,−ν): Given τ1 ∈ S1, a triple containing τ1 may exists and
be unique, may not exists, or may be not unique.

O

A

A′

∂C

O

A BB ′

θ

τ τ ′C C ′

Figure: Left: an example with no admissible triple containing A. Right: an example
with multiple admissible triples containing A.
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Conclusions

Ph(E) =

∫
∂∗E

h(x , ν) dH1(x), |E |f =

∫
E
f (x) dx .

ε− εβ property and η-growth conditions are key for regularity.

Dependence on the normal should be C1 for having no more than 3
regular arcs meeting, together with some strict convexity assumptions.

Symmtery/asymmetry plays a crucial role in discussing minimal triples
of directions.

We cover the Grushin setting → Grushin .
We have a double bubble conjecture here.

Outlook:

Higher dimensions?

Grushin plane: prove double bubble conjecture through Steiner regularity.

Heisenberg setting?

Numerical simulations (Brakke surface evolver)

Thank you for your attention!
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INdAM Workshop
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Registration is open!

Thank you for your attention!
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Steps of the proof of the anisotropic result I

Key point: as in the isotropic case, show that multiple points are loc.
finitely & triple.

1) The anisotropic Steiner rule. In small balls, no
more than three radii can meet in order to minimize
their anisotropic perimeter. (Replaces the 120◦

rule. Involves the C1 regularity of h in the second
variable and strictly convex.) [Alfaro et al Pacific J

Math (1998)], [Lawlor & Morgan Pacific J Math (1994)]

2) E minimal =⇒ Perimeter in a (small) ball is controlled by radius:

∃R ≤ 1 : Ph(E;B(x , r)) . r , ∀r < R, x ∈ R2.

3) No-island (no-infiltration): only for colored
chambers! (i 6= 0) We can still have some white
holes between different chambers.
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Steps of the proof of the anisotropic result II

4) To exclude this case, we need to enter into the details of the reduced
boundary ∂∗E and play with quasi-minimality, porosity (of colored regions),
providing quantitative estimates of “errors” based on the strict convexity of h.

5) At small scales: many circles have ≤ 3 intersections with ∂∗E
(it was Step 2 before!)

6) Conclusion

← Anisotropic result
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The Grushin case

Grushin perimeter

Given a ≥ 0, on a smooth set E ⊂ R2 it is the following:

Pa(E) =

∫
∂E

√
ν2

1 + |x1|2aν2
2︸ ︷︷ ︸

ha(x,ν(x))

dH1(x), x = (x1, x2).

* Pa is anisotropic, not translation invariant, not uniformly elliptic:

ha(x , ν(x)) = 0 if x = (0, x2) and ν = (0,±1).

* Isoperimetric sets for Pa and Euclidean volume constraint are characterized
[Monti, Morbidelli JGA (2004)]

Ea = {x ∈ R2 : |x2| ≤ ϕa(x1)︸ ︷︷ ︸
explicit

, |x1| ≤ 1}

For a = 1, this is a section of the candidate
isoperimetric set in the Heisenberg group !
[Pansu (1982)].
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Grushin isoperimetric clustering problem

* There exists a transformation Φ : R2 → R2 that gives

Transformed plane

Pa(E) = PEucl(Φ(E)) |E | = |φ(E)|fa =

∫
Φ(E)

fα(x)︷ ︸︸ ︷
|(a + 1)x1|−

a
a+1 dx .

The transformed volume and perimeter satisfy the ε− ε and growth condition
with η = α + 2.

* [F., Stefani COCV (2019)]: study the double bubble problem in the Grushin
plane. → conjecture the shape of minimal double bubbles. → More

120
120

120
x

y

Multiple points are triple and satisfy the 120◦ rule in the transformed plane.
← Back
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Grushin double bubble problem

(Pα, | · |) : h = (ν2
1 + x2αν2

2 )1/2, f ≡ 1.

(M=2): Grushin double bubble problem

inf
{
Pα(E) : E = {E1,E2} ∈ C(v1, v2)

}
Pα(E) =

1

2

(
P(E1)+P(E2)+P(E1∪E2)

)
.

v2 v1

x

y

We consider the double bubble problem under more restrictive conditions:

(1) We assume v1 = v2 = v ≥ 0.

(2) We assume specific structures of interfaces.

Problem 1: (DBV) Only vertical interfaces on {x1 = 0} allowed.

Problem 2: (DBH) Only horizontal interfaces allowed.
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Main result

Theorem (F., Stefani (2019))

Let v > 0. Then solutions to problems (DBV), (DBH) exist.

Moreover:

(DBV) E ⊂ R2 sol. to (DBV) =⇒ up to vertical translations, we have

E = {x ∈ R2 : |x2| ≤ f (|x1|), |x1| ≤ r},

f ∈ C([0, r ]) ∩ C∞(]0, r [), r ∈]0,+∞[, depends explicitly on v and α.

In particular, if α > 0, then f ′(0) = 0.

Case α = 0 Case α = 1

f=f(0,v)

x

y

f=f(α,v)

x

y

27 / 27



Main result

Theorem (F., Stefani (2019))

Let v > 0. Then solutions to problems (DBV), (DBH) exist.

Moreover:

(DBV) E ⊂ R2 sol. to (DBV) =⇒ up to vertical translations, we have

E = {x ∈ R2 : |x2| ≤ f (|x1|), |x1| ≤ r},

f ∈ C([0, r ]) ∩ C∞(]0, r [), r ∈]0,+∞[, depends explicitly on v and α.

In particular, if α > 0, then f ′(0) = 0.

Case α = 0 Case α = 1

f=f(0,v)120

120 120

x

y

f=f(α,v)

x

y

120 in 
transformed 
coordinates 

27 / 27



Main result

Theorem (F., Stefani (2019))

(DBH) E ⊂ R2 sol. to (DBH) =⇒ up to vertical translations, we have

E = δ 1
k

({
x ∈ R2 :

(
x1, |x2| − ϕα

(√
3

2

))
∈ Eα

})
,

ϕα : [0, 1]→ [0,+∞[ isoperimetric profile and k depends explicitly on v, α.

Case α = 0 Case α = 1
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y
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120 degrees rule.

EV solution to (DBV).

f=f(α,v)

x

y

The angle of interface between the
bubbles is flat! Let FV = Ψ(EV )

FV=Ψ(EV)

x

y

EH solution to (DBH).

E

?
?
?

x

y

120 in 
transformed 
coordinates

The angle of interface depends on
α, v . Let FH = Ψ(EH).

FH=Ψ(EH)

x

y

Corollary (F., Stefani)

The boundaries of the transformed bubbles meet at an angle of 120 degrees.

27 / 27



120 degrees rule.

EV solution to (DBV).

f=f(α,v)

x

y

The angle of interface between the
bubbles is flat! Let FV = Ψ(EV )

FV=Ψ(EV)120

120120

x

y

EH solution to (DBH).

E

?
?
?

x

y

120 in 
transformed 
coordinates

The angle of interface depends on
α, v . Let FH = Ψ(EH).

FH=Ψ(EH)

120
120

120
x

y

Corollary (F., Stefani)

The boundaries of the transformed bubbles meet at an angle of 120 degrees.

27 / 27



Comparison between vertical and horizontal
What can we conclude in view of the general double bubble problem?

inf
{
Pα(E) : E = E1 ∪ E2, L2(Ei ) = v

}
(α = 0): Solutions to (DBV) and (DBH) are the standard double bubbles.

Vertical interface

f=f(0,v)120

120 120

x

y

Horizontal interface

E

120
120

120
x

y

← Back
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