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PLAN :

Monday
1) - 2) : Donaldson - Thomas theory and

well-crossing
niverDT invariantsTuesday 3) The flow tree formle for a>

Thursday 4) Quiver DT/ Log GW correspondence

Friday 5) Holomorphic Floor theory



1) -2) : Donaldson - Thomas theory and wall-crossing
(DT)

· DT invariants= virtual counts of
stuble objects in Calabi - You categories

of dimension 3

· Well-crossing : change of DT invariants

when the notion of "stability" changes.



Categories .

2 : Triangulated category men K(+ og-enhancement)
· E , F Hom(E ,F) C-recta space

Hom(E ,F@ Hom /F, 6)-> How(E ,G)

C-linear

· Shift E1E[z]

ExtiCE , F) =How(E , FliJ)

Exampl: A C-algebra
2 = D' (A-mad) bounded derived category

of the abelian tegory of20

A-modules.



Example :A scheme E =Do Coh(X) bounded derived
over I category of coherent

sheaves oX

Assume Esth and proper
-

dim Exte<E

Example : E =D'Coh(X) X Smooth and
proper

over I

· 2 =DisCoh(X) X smooth over I
2 X proper

=SEEDCoh(X)/H'(E) set-theoreticallySsupported on 2 Vi



Example : Q = quiver-finite oriented graph
&

·- .X&
IQ : =path-algebra of Q

IQ-module = quiver representation
D

f (CQ-mod) = [VED'(CQ-mad)/dimHi
is a smooth

proper category



Calabi-You categories.
Ref: A smouth and proper triangulated category & is

Calabi -You of dimension o if there exists isomorphisms
Exti/E , F) = Extl-i(F

, E)
*

functorial
in E and F

Example- :

2) 2 =D'Coh(X) X smouth proper Colabi- You variety
-CY dimo over K

#x =0x dim
p

X =d
serve duality 7

Ext'lE ,F) = Exto-i (F , EeNx)
*

- Exta-i (F , E)
*

& X Calabi-You



2) 3 = Fub (Y ,wh (Y , w) : compact symplectic
1 manifold dim

,Y = 2d

P Closed non-degenerateJ

Fukaya category 2-form
Calabi- You for -gradingof (Y,w) (((y) =0)

Objects~ Logangian submanifolds (c)

[W/y = 0 , dimirl = d]

Morphisms- #holomorphic disks

Cyclic symmetry -> CY property
Loriented :

Exti( ,LI-Hi(L , ()
Hi( ,() =H - "

(, )
*

Poincare duality for L



3) Q quiver Do (CQ-mod) not Calabi- You in

general
Nevertheless :

(Q , W) - 3 = D
+ (6)

(Q
,w)

↑ & Calabi
-You of dim 3

potential for Q
famal linear

combination of
cycles in Q

wea/[CQ
, CQ]



G= Ginzburg dg-algebra of (Q , W)

G=(4 , a) & · a : i j dego Un
arrow ofQ

· atij -i deg 1

differential :
· li : insi dege Vivertey

da = 0 of Q
dat = nE dli = [e [a ,]e ei : "lazy" path

at vertex i

Ear= Din (6)=&Vog-modules/dim,H(V < ]

H = CQ/(W) =: Ja
,w)

Jacobi algebra
= Heart Jawimad,

E



Examples of CY categories : 1) D'Coh(X) XC

2) Fub (Y,2) Y CY

3) Ea
,w)

Relations : Mirne
(Y,w)2) 0x2) : Homological mirror symmetry X

2) - 2) 203) : Example X smouth toric Calabi-You 3-fold

X
=>> Non-compact

= (Q
,
W) s it.

Jπ *
Do
+,

Ch(X) = &
,a ,m)

X
*

= SpecHX,0x) II
[Dimer model]

O Affine singular
Foric variety



Example :
X
,Y, Z

=

X = 43 Qw = xyz

*== weZi
i
,j ,k

2k



Stability
Definition: A stability function (= central change) I on on

abelian category it is a
group homomorphism

lineonore &

2 : Klt)-

sit VEE z(E)E /H = 92=me"** /m>0 , Pe(o, 23)
Efo

-E
Phase of E : PIE) := AnyZIE) - 10, 2)

Definition : E Z-semisable if P(A)P(E) FACE.
-

2 stable if $(A) < HIE) VAGE .

Schur's Lemma : EZ-stable = Hom/E .El = Id
Ant(E) = Id



Definition A Bridgeland stability condition on a triangulated
-
-

colegory 2 is a pair (A , 2)
,

where It is the heart of
baneled I structure on E

,

and I is a stability function onA

such that :
& satisfies the Harder-Narasimhan property :↑ VEEA J 0 = EO <El.... C E = E

Eto
s . t . Ei

+

/E: seristable of phase 4 , 42) ....) In



Fix. & finitely generated group
· w : r + V +z bilinear form

82 , %2 10W( , (2)
· (e)- V group homomorphism s .t.

I
~ IdlE) , e(f)) =X(E ,F)=[ 1"dim Ext"(E ,F)

j Enter form

Stabr(2) = G= (ot , 2) stability conditions st.

I 1) z : Nole) - I

dur t

2) I satisfies the support property :

Uno 11 . 11 on FOIR
,

JC30 st.

IZ)E)) ? CIEll VE 6-semisable



Theorem [Bridgeland]
-

Staby(2) has a natural structure of finite dimensionalI complex manifold such that VEEE10

Ze : Stabp(d)-I is holomaphic.
It , 2) to ZIE)

Example: I = D'Coh(X) X smouth projective curve
A = Gh(X) 2: .(X) - D

Etc-deg(E) + i rk(E)

It , 2) is a Bridgeland stability condition on 3



Exampl : 2 = Yom) (P
,
W) quires

with potential
No(2) = #ratius =r

t = Tlam-mod Vivetex fix 2: 11

2:-
T

(vi) +o 2niti
iThen (ot , 2) is a Bridgeland stability condition on 2.

[Ning's stability



Example: Y compact CY (4 , J) compact Mahler

simpY =d Ny =O, by
& EH?(X . IR) Kohler class

You's theorem : F ! Ricci-flet
Kalabi conj) Wahlen form 2 s . t . [w] = <

wallday
↳Y Legongian tyly = fr volu fu : L - U(l)

-

Definition
-
-: L special Lagrangian of phase O if fr = ea

Sconstant function(
KolFuk(Y,wl) -- V= Hol(X ,El

L [L]



Expectation [Thones- You , Joyce]
-

= (it , 2) Bridgeland stability condition on Fuk(Y, w)

u+I such that 2 : V = Ha(X , El-

submanifolds of phase O.

and stable objects of phose O ~ special Lagrangian



Example : X compact CY Nx =0x
dim d

r= [m(ch : No(X)-> Heren(X,All

Expectation : 7 * - Stob)D'Coh(XI)
o

"stringy Kahler moduli space"
= moduli spece of complex structure on mirror s.t . near a

AL large where point
" determined by

an ample line bundle L
11

A Ch(X)"5)A
. 2) -o Gieseher stability ,

with respect to



A Lample line bundle E-Coh(X)

Reduced Hilbert polynomial Pe(n)=
EL
*Y

leading term

Definition
- -> EECoh(X) is Gieseken Gemilstable with

2) E is of pure dimensionj respect to L if :

(4)
2) FFGE prIuI < PEIn) foru))



Moduli spaces .
2 smooth and proper triangulated category
6 = (ut , 2) Bridgeland stability condition

z
Et

My = stack of objects of classy in it
Colerived)

6-sstm M < My
Istack I stack of

of stable objects semisable objects
Good moduli spaces [Alper-Holpern-Listner -

Heinloth]

G-st ---st

My CM
,

p E
proper

scheme
"Conse moduli

"Coarse moduli
space of

space of stable objects
"

seristable objects"



Mr Most
BC! ↓

Most M
Examples : 1) Moduli spaces of quiver representations
& ver Miler)ah , a

GIT

2) Moduli
spaces of Gieseker semisable

sheomes on smooth projective variety X.



243 What is special about 2

Calabi- You of dimension 3 3.
o-st

My is of expected dimension O :

Tangent space at E : ExtLEE)
Obstruction space at E : ExtE IE)

= Ext2/E , El
*

↑

Symmetric obstruction theory
3

↑
Perfect : Exto/E , E) = Exte

,El
*

=



[Li-Tian ,
Behrend-Fantechi]

=> Virtual fundamental class [Mstywir
O-dimensional

If Most = Myst - My proper :

2 : = S2 = deg [Miyie
[Mstyri

DT invariant ) Invariant/"deformations" )

[Donaldson- Thomas 98
,
in the context of

Gieseker stable sheaves]



Example : X CY 3-fold
v = 180, - B,2) E = Iz 2CX 1-dim

[2]=BX(02) =n

Most Most
O-Iz0xto

= Hilb,p,
n)(X)

I 12
DTpin :=20 , -B .

-2)
=

Hilb
,puyvi

MNOP conjecture :
[Pardon Thm] DTBin * GWgp

~

Gromor-Witten invariants

of X



Example: If obstruction
=

obstruction bundle
sherf

obTM
Eit Smooth

[M= e(0b)n[Mf
%
)

ri =)e(ob = eT
[Mjst]

2 = (-2)mistSeTM
-j = (-2)dimmstx(Mj)



7What if Mos MostYJoyceJSgo
How to count seristable objects ? [

Reineke-Meinhardt , 2014

]Davison-Meinhardt ,⑧

Example : Q= u = n

G-sst

"Mr == BG

x(m!") =xa = = = ?
⑧

Motivic or cohomological counts make sense :

Im(=-...Y
HP (BGL(n , ())



Problem How to have a well-defined limit
p

o I ?-

Take a logarithm Ney identity :

I 1 - payn
no(q- 2)(p2-p) ..(p

X =exp)-*
Categorification (with conect shifts and twists) : 11

P(x) quantum
# H (BCL, (1) = Sym (H" (B(%) dilogarithm

q =
et

-[
Y(x) - e

k+p
- hi(x)

~2



Virtual motivic ar cohomological court ?
Most is locally the critical locks of a function defined on a

smooth stack
Formal locally :

⑧

E Deformation theory Ext(E , E) An-algebra
mu : ExtE , Elor-> ExtE , El n ? 2

Locally My = mi10) <ExtPE , El

m : ExtE ,E) - Ext"(E , El
a1 Emula, ...., a)

[Maurer-Cartan equation :
da + a =0

my(a) + my(a , u) =0]



& CY3 m = dF F : ExtE , E) -- D

a Int Ima ....,a
Serve duality pairing :

- 1) : ExtE, E) + ExtlE
, E) -K [Chern

Simsas

↑(y(n) ,a) +
1 (m , (a) ,a)

Zariski Locally :
= Stade +- ab) I

)-1)-shifted symplectic structure [Panter-Toen-Vaquies-Venzasi]
Darboux theorem [Ben-Bassat

,
Brav

, Bussi-Joyce]



Locally M = Git(F : M -4)
E smooth

↳ Of perverse sheef of vanishing cycles
Global choice /orientation data = Kir, 221

↳ Glue to a global perverse sheaf on Most
Fix phase O

, definet(q) by :
9

& X (mg) X
A

Any 2=0S=exp-Symmetrizal
Weight polynomial



A primi : ((p) =Q(q
*

2)

Integrality conjecture [Joyce-Nortsrich-Soibelman] :
for "generic" 6 : 2%(g) [q

**

] Refined/Motivic
DT invariant

Can set j= 1 :

-je DT invariant



Example : (Q , W)
My = Crit) Tr(W) : Rep(q) -4)-

[Meinhardt. Reineke] --

[Davison-Meinhardt] smooth stack
Global description as a critical locus

Ino need for mientation data)

Mi(q) =Xp("Ret,Tm()) z [q
**]

A o-st G-st

S P j : Repp - Repp
Mi =Mj(q=2) Coaste

modulispace Tens : vanishing cycle functor

&

Remark : BPS lie algebra
Eg [Maria-Bolta , Davison]
Mulik-Okrunkar die algebra = BPS hie algebra of

of a quiver Q tripled quiver (8,/
&QH/Nakajima quiver varieties)



SUMMARY :

INPUT :. 2 : smooth proper CY3 /+ orientation data)

· 6 =(t
, 2) stability condition

· ver
OUTPUT :

· DT invariantsjeZ
Virtual counts of o-stable objects

of class U in 2.



PHYSICS INTERPRETATION

* CY3-fold IIA string theory on IR" + X

Do - D2-DG-D6 branes onX - BPS particles in1R4

⑧ X

↳⑧

Y CY3-fold #B string theory on IR* + Y
D3- branes on X

-> BPS particles in IRP

&= # BDS particles/Black holes of
electro-magnetic charge y.



WALL-CROSSINStabr(2)

-Stabr(2)

# Walls structures./Chamber
an

Walls 201 Zill Zi · Vetri]



WALL CROSSING FORMULA VOA ,2) Z : 0-4

No(2)
e

If
urz,

x(EiF) =[ (-1)" dim ExtE ,i

i=0

Euler form CY3 = Skew-symmetric XIE ,F) = -XIF ,E)

wir + r+ Z

22 ,2271W/ ,22) Skew-symmetric s .t .

w(dIE) ,d(F)) = XIE ,f)

T= Spec )XV
, y (r)X*X" = (- y(m(av) yva+

r)

Toyon/SpecK[V]
Poisson bracket [X, XK] := (-1)NhRW(p .2) XUtR



Nu = exp((- (i)(Xv) ,
-3) Poisson automorphism

Lic(Xv) =[ Homillaina

N : Xp + (1 - Xy)2(rXy
WALL CROSSING FORMULA :

& *

# N = Est
u

Strictly convex 2
,
[# as long as noray 2j(90

withMy 0 goes outside [

Joyce-Song]


