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Geometric Introduction to Log Geometry Irt

Category : algebraic varieties , complex analytic spaces overS
algebraic stacks analytic stacks

1
.

Normal crossing varieties
X smooth

,
D = X

Ul

· simple normal crossings (suc : 5ILA Smooth
,

Mr D = : (V(z ...all
=> Dill = Dr.-rDr , Di = TF(Vill Smooth divisor

2: t

· generally :
1 -X etale ubd

.
e .g . nodalmbic

D suc =
X comes with Line bundles (: with sections so , Di = (s: =0

&:: (sheaf of regular section of (i) = Ox(Dil , Si : Ox-c Ox(Dil.

Wild
:
= PDi) = PINDix) normal bundle : Nix = Exp: /The

dually:
"
= 0x)-Pi <Ox-

Iterate : DinDj = Di suc divisormn NiDile: Miller
NinDilX = Nix hind Nalindi

All contained in Mx := -0x = 10x: / "Log structure"
F

sheaf of multiplicative monoids : figex() = fig + My (1)



ExX=A, D = Vlzw)
nh

F
.
2

Mxx= 0h
2bL
↑ L 1

((a,b),h)+Mx= IN MI (b,h)> wh

MW : associated abelian sheaf (replaces /N-factors by I

discretepart : Ex := Mx/0* * AID,
N- O

go constructible labatian shefn
↳

Retrieval ofLine bundles : N = E
*
can , ar

:MAN => T= Can -., an is an 02-toror

f lord f -, ordf assoc , invertible Ox-module :

(To0x)/6 = 0x-ZaDil
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.
Toric Geometries I.3

P2X"= M finitely generated monoid , i.e. P= Imt ..
+ Nm,

"

E
.g .
P =&"

,
0 = Nr = /" (convex rational polyhedral come
N= Hom (M

,
2)
,
ov= Homon 15, Rsol

~ f
.g .
D- algobra CIP] =Lax/m = ImmuleP

, a s
XMs

= CIMT = CIX, ... X
** ]

Generators me . -1 m, define y : din"] -> CIP , ylal =X
*

-> CIP) = Clue1 .. 4, 7/bry

provides embedding Specc[pi => Uhrly) = A

Computation :Auly) is a foric ideal
,
i
. e. generated by binomiale

uhasbb Fami = EbiminT I
f 11

Fat : Always Pro" with r= P = Hom(PR /N-2+ /N-3

with "="( P is saturated
,
i.e. dmep for mee" , deN10]
=> meP

Eal oI/m

ind
CIP = Ctzwt]//zw-th) E P= on =N. 11

,
01 +I- 10

,
1)+I· -1)



2=X 10 W=Xtk, t= 107)
: zW = X1k) - the 22 It

b=1 : seristable degeneration of
* to Cho

zwitkto vw-

ke1 : buse change by the the W

g t

6) = come over square cour(10, 01, 11, 01, (1, 11, 10, 117 [8 = <(1, 0,01, 10, 1,01, 6-1,0,11,10-1,117]
-

= 120 : 10,01) + R2p1, 0,1) + 120 (1,1,1) + 1820101,1) w
KIonE] = CExyiw]/(xy-zw) =DETEciDEw]
is a It]-algabla , t e xy= zw xy <tr)Zh

=> SpecK[n] =Ay is a degeneration of I toAIl

X-A = A A)

Til GRLX& X

~W

Tormation : P= oMuc CIP) <> CIM] inducesan M-grading onDI
&

- 1C*"- equivariant embedding Km"= SpecK[M]- TV := Spec DEP)

Def: toric variety = Ku-equrtpartial compartification of am
often

IU

foric divisor D= THH) m =Dr .. Dr achment
offirecase r= 15(1)) rays of o



Quotient construction [via Coxwings) : N="

I
.
5

ill = set of rays of5 = (S .... 3r)

loving : R = & [Maphill,N1] = CIX.. · , Xo] , X: =X el = bij
In zv

5 = Np -> hom M = Hom (N
,
2-> Map(r) ,mr1:<mini)

Il

Grade R by:= Map(ok,2)/M. Rzoh:, UseNprimitive

Graching defines an action of Spec DIM= on Speck = A.

categorical quotient : SpecRP, RYcR deg= 0 (invt. ) subving
F : RY =([P]

,
P = or M

Summary :
aLine foric variety TV(0) = SpecD[p] =An

Toni log structure: X= TUr)

Generalizing Man =Ori
..
zaYn -Yan , we obtain

Mx=10x20x

Ex =Mx/0*· Now NM)-
"

,
fre louf... ordy

eff-

image=principal (= Cartier) divison supported on D = ↑

Expli E= conel )
,
then D = ZaiD: Cartiers ataz = atay



3. Abstract log structures I,6

- :Mx-(Pxi) sith. (P-Ox iso log space (X,Mx)

provides Mx = Mx(0, 22 : Mx - My Y
hence FM:X, iP,x) i(i) Oforor & isa -> On

Alternative point of view (Deligue - Fallings) : A logstr. on X is :
· a sheaf of (8.g. ) monoids in
· M = X : (H) -> Dir(M) = (Clineball, section]

in 1km :Sin)--Onl = im/
· compatibility , i.e. "M-> Div, " is a "Symmetric monoidal functor"
e.g . int() (d(mmal, Smm) = 14/m,Sm(2/ml, Sma

Lit: Borne/Vistoli "Parabolic Sheaves"

Exp: a) Log points : Q monoid with Q= 10)~On 1

Of9-0

X= Spec /Q --() := (Spec, Que"( IfY
-b) Pull-back log str: XEY , Mylogstr, on Y gsh = 1g,h) I

- Ly str. on X: f*M == f
*

My Ox , Ihhfl
Y -

fact : Fly = f=My



Note : Y= THo)
,
8: X=pt Y inclusion of Od form orbit I. Z

yields (X, f
*Myl = Spec(Que) , Q= or M

P- P(u, 0x)
Ex

Khartfor IX,My on U =X : Ec Spece[P) & so Myle= fMpecein]
↑

lalgyeom : usually in etale topology/

fine hy structure: 7 whart locally
fine saturated (fs-log str : may choose ↑ saturated, i.e. = OYM

log morphisms : 8: (X
,Mx) - (X,Myl

mean f : X-> Y & My Ec Mx
(nft f

=

0y - 0x) fo ↓ ↓X
commutative

fby F Ox
strict morphisms :(My ->My iso (E f M= My vsol
I

these can be viewed as "logarithmically twiral"
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. Log smooth morphisms

Sie, a chart) I
.

8

tSpeci"Locally given by
toric morphism" * al ↓ ↑

i.e . etale locally on X
This SpecCTQT Q

Ex: a) Q = 0 ES X is toroidal , i.e. (X,D) locally isomorphic to
Horic var

,
foric div. )

,
D = Supp.

6) Q =NLP= NU : nc degeneration
11 (1,.., 7)

c) Restriction ofac degeneration to central fiber :
> (X

,M(x
,
x)UD: =D =%Y 4 KooMxxo

strict
Is Misal

↓ ↓
o S curve Spe(IN-()

/
standard log point

Exploited : fo EZoni2s) homog, dey =4, general

# = Up = V(p- 23) = X = X= Vt6 +2:2) = MxA
=

↓ ↓
0=A -6. 4

but X'not smooth : Xing = (oling-UL) = 24 Anting's

[locally = V(xy-zw)]



resolve : exc . #" I
.
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-

Il
↓ Xo' + +

+
+
+
+

blowup X: Yo % 'I , +
in ired. cmps

- I
-***

of X. in some
+
+
+
+ +

order

Thenx,
is suc degenerationo
=> Wordxo - Spec (N-e) log smooth

Explicitmeaning of lay-smoothness here :
Friedman 1983 : X= X no degeneration -> Xo is d-saristable

"d-semintable" mean : Eet (Pi(ing is trivala
↓
-

g=] curve !is an invertible sheaf on the

sing . Com of any no variety

Kawamata/Namibawa 1994 : X
,

no var, is -seristable

-log-str. My
,

on Yo and a log smooth morph . (X,Mxpl -> Spec(N-e)
sith

. Locally IN= Mx
.
x

*

Application : Friedman's Thm) Xo d-secistable 43 (wx= 0x , by = 0)
=>> X

,

is smoothable / fit into us degeneration
Rem : In higher dims more subtle. (cf. recentwork of Felden/Filip/Ruddal (



Ne: morphism (Xx! *c Spec(N--() = (SpecDNOC 1
.
10

is uniquely given by et P(X,MX) · [C = <(11,HENO1


