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K= Chit) = Unl

*1) Puisex series
=alycarea

or other alg .
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I = k[z , ... in

*) ideal
,
X= VII) = Lyn

val
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Trop(X) = val(X)

= SWER" (in(F) + (113 int : initialideaof a

= "Utrop (11)< trop(1) = It
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convergent case: X= &As , X (*
"

Then TropX=im Loge Kela Log+
(2= 1 in) = Klogk, .., log, kall

In log geometry : X= (
,Mx) fine log space

Ex : P = Ex, toric monoid
, Px"= 20

schematically:du) = P=eriMxx = By

What is? F = X
*

10) = By face
,
X induce in (Px +#1)/FN-> Py
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. e. X = projection along face # (of "exponents" becoming invertible wty) #is
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Dually : 0x = Hom(P,0) (P= (2)
then X : 0
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Tropicalization of X=(
,
Mxl : [x = Trop(X) := I'm o

is algeneralized)come complex /of rat'lpolyhicone
Exli X= ExP = (5x) fan ofNE
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but forgetthee

embedding of I into Np= RY
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Note who : X= BLEPI
E

=> [=p=x p1
D = UP

=

This is actually good : I only capture the combinatories of
the situation

,
not the finer analytic or algebraic geometry, hence

has a more fundamental and universal character: Epi =

always appear in an uc situation with 4 divison D
..... Do meeting

circularly : DiDjs linj1 e ligh = 31
,

43.

Cones can salf-intersect ifx is only locally constant rather

than constant along a stratum of X.
↓

[a maximal locally closed subset E = X withxlz locally constant]

Expli Whitney umbrella D = V(zx-y) =
VI U

w D = (V(z) = X

- 1412 .....---- Su

-



D = (: Vurl)/2/12 : CEuF
,

n
,vT/lur) < DIx]//2yY
Ut < 1 * I.4212-action :

(nviw)> (v,u, -wh w. (n-v) <-1Y

inits : ur,
w& u+,-How w2+ 2

Itpalex ->
My = M(x

,n)
=> Trp(X)=ol(2/11)

Shows: Trop(X) generally is only a generalized come complex,
i.e. a topological space /Ex1 locally given as a colimit /direct limit

of a diagram of rationalpolyhedral comes with arrows face inclusions,

up to equivalence of diagrams.



2. Log smooth curves #.
5

& a s

serve an domains for stable log maps in log GW theory·
Co

no degeneration * orIs = 11,0

of smooth marked!curves&
·I , 3 = 1

log morphism SET()
V C

-S
& &

S
· InYT

O t> 1 IN

local models :

· at a general Hi My= =<t =N

o genericpt y :
44
t + 1

· at a marked Hiz)
c p
=
p

= (2+] = N2

point p = G=0) : E t+ (1, %)

· at amodal Rq=point :
t> (1, 4)



Generally :
(E) Specia-> e) log smooth, fo ,

It
.
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C reduced ,
it integral - CIQ)--CIP) flat11

=> C is a nodal cave.
inLocal Sonic description

Moreover, locally on C :

· at 7 :y
= Q

· at p : Mcp = QON
* [vanishing orderatp)

· at 9 : My = QM= QINY(0-101)

911,
1) [for somesQ]

Universal case : Q = NAnode of

Interpretation : This is the log structure induced from the
total

space of the Isami-universal
deformation of C, with

divior the union of singular curves.
of

MLog structure : M = Nr iv= #model Mcp = INDI

at inth mode : MC ,g
= INVA
e== (111)



to : fired mode smoodles out I Get
7

tzp : second o n n

is te

The : ith Coordinate of Q =NO capture the smoothing parameter
of the i-th mode.

Stable cases : Deligue - Mumford 2divi
↓

modeli space (stack) Mach Mgie = Of
curves

↳ log smooth morphism (2,M12,1)
-- (Mg ,MMg1

Universal property : (oi -> Komwir,
fir Junique diagram :

↓ ↓

Spac1Q-C-> Spec-- ()

Q- NV
S:-12

,
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3. Tropicalization of log smooth curves
Over standard log point

comecomplex polyhedral complex
C = (E, Md I = Cone(N) ?

I
L

> bitrop i
Spec (N-e)

t = Ro 1

At node:N (10)
,
10, 1, (2,11) = E

2d cone o e Eic k< 1 + (1, 1)

: (1,01- /1, 10,01

(kil -10,
11

, 011 ·10,111- 10,
10

, 11)

(a+bk, c-b) < (a ,
(b,c)

d

&:: projections along faces = generization maps Mg-Mc:



Dualize to compute. -> -= Ro :
I

.
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l · (1,k)
interval [1,] =T = (trop"(1)

= vertices we < branches of Cat a

strop [itrop is dual to Ro 1601]
①

-

At markedpointpi

·I la rayR
·

S= (6,%) ↓ introp

·

Thus
,
N = dual graph of (vertices- irredumps of (
Il

Top (1)
bounded edges-> nodes

unbounded edges - marked points
Edge have a It affine structure - metric graph

(i.e, an integral length)



Slogan : The tropicalization of a log smooth more
#10

over a standard log point is a metric graph with

bounded edges of integral lengthh corresponding to
mode with local model xy = th

,
and unbounded edges

corresponding to the other logarithmically special points
1"marked points"l.

Over Spec1Q-el : Z
,

is a family of metric
↓ graphs parametrized by

come = = Hom (Q,
Rol o with edge lengtha

varying with integral
derivatives

Ne: Faces of to it collapse of some edges
Universal case :-= Rhodes tropical modeli space for the given R

Epi.
Pa ↳ be on

5= [lbhil)) = 130


