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Stable log maps III

-1

As in stable maps , but in log category.
Target: X= (X,Mx) &s log scheme
later : X Log-smooth&projective/B

= 1 ,Ms

Stable log map over a log point : c = ( ?, M) +X
reduced,

a log smooth,

Note: We need Q-0 connected ~ integral

to allow nodal domains W= Sper (Q+ 4)

Stability: EX Stable (i.e. And12/X) finite

Pblum :
Can't give a good theory since 3 possible &'s for fixed :

->X)

is not bounded : We can e
.g . always add factors of I :

...QI QON-Q

Common in log moduliproblems : We need to connect the log structure of
the parameter space to the geometry of the family, i.e. we need a
universal choice of Q ( an for modal curves , where Q = Noda is universall

Solution for stable logmaps : Q = Hom(tropicalmodule
- notion of basic stable log maps.



2. Basic stable log maps III
.

2

f

Tropicalization of a stable log map Cglad over a log point
has a type : Trop tropical stable map

hs

Trop (C/V, f) =Ex N- ExS

↓ ~ Est : I
T = Q [s]

The Us : is- E have the same type Esclud(t).

type : ·
I
,
an an abstract graph--vertices Ver edges Eg, legs Up

· the smallest comes olp , olg) , tlp) of Ex
containing h/ Vy) , hEgh, hip)

·Contact orders Uptolp), Upt olg)g0 for markedptop , model g.
- 1-) Lp

Up : · o >
Is
[

·119/poVe

sign of ug
Has
- Eg

.

Is

· depends on

Va Vaz
orientation

of Eg

ILocall tropical moduli of type (P, E . 1) - come - parametricing
tropical stable maps of this type and their limits.



Epha) X=
2

, deg= 1 stable log maps , three markedpoints. #i

E= ((a,b) <R203 =R
f contracts this component
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b) Expl . with t Reo : X= (PEP = (all => Ex = Ro 1
.
4

Cy nLp1
G Va

S4 b >

3 Xp , ligmit p, V VasX

- My i <>
S

I

I·Ip2
= P

Result- - = ((a,b,d) = Molarb = c +d]

Defi < + X > Ex is universal

is basic> ~
tropical
stable mapSpecia-e HomIQ

,R2o) I some type)

In families : Require busines at every geometricpointof the base.



3. Moduli space
#

.
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#m (Abramovich/Chen , Gross/S. )

There exists a"good"moduli space M(X) of basic stable logmaps :
(i) is a separated Deligne -Mumford, Locally of finite type/4,
with anIs log structure (stalke oft = basic monoids)

(ii) fulfills the valuative criterion of properness
(iii) Assuming X log smooth over some log scheme B,
M(X) has a perfectobstruction theory in the sense

ofFahrend-Fautechi relative M = stack of leg-smooth
cores (with any fs-log structure on the base)

livi is proper/B when fixing topologicaldata
TS = (g ,1 ,AtH() , g gre , a contactorders, A curve class

Co: Civil provides a virtual fundamental clean [M(X)]virt
on M(X) -> log GW-incts by pairing with cohomology
classes on X via the evaluation maps at the

markedpts.



ExplasomeM(X,p) :
#
.
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X=P
, p= (g= 0 , u = (1.> ,4) ,

A = [linei) Ex

u=
(-1
,
0)
, Uz

= (0,11 , Up= 12,11 /I
Result :

EllM(X
,p) = DLIP4 = TVs) , En : I'l

-

Blz M/X
, (g =0,3marked, [Line)) -OrdinanatapV

(p41, 18 :4 <P33+3 =: space

/
f(MH

·It is an S3PF= #2-fibration
-gally , the map from MIX1 to

· 2
is a closed embedding the ordinary stable map space is I

· i is
birational always finite.

El In

1_ #

x

I S

BIP2 = MIX,B) p
2



zoo of some log strate of M(X,B) : #7
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3. Artin fans [p/] = Da I
.
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P= M + A = [TV/ kn] algebraic stack

As clarifies bundle together with Y < TVs)

/Ki
an -equivariant morphism to THO) : < it
+= 0 face - open embaddingt As :=
e
.g. [m] = [Am/am] < [A/m)

Now X= (X
, Mxl fine log scheme - diagram of comes &x

Artinfan of X : X :=Lim in is

algebraic stack

We: X algebraizes the tropicalgeometry in Ex :

Pep: Assume Ax has a
Zarisbi

covering byos . LegXiazam
Then EGs Coyscheme

T

,

Hom(T,X = Hom,(
↑

canomical bijection



Application : stable log map intox : c -X #
.
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↓
is the same an

Spu(Q- ()
· the log Smooth curve <-- Specia-e)
· and a tropical stable map 2

- Ex=x
↓

still makes sense ! Q
Than 1M(X1 = Istach of basic stable Coy maps intoX) is algebraic !
Note: The forgetful mapM(X1 -> I is strict andstale,

and we have the factorization

M(X) -- M(X) -> M.

Thus eM(X1 is a discrete (tropical (refinementof the start we
of llogarithmic domain curra , which itself is a discrete

refinement of the stack of nodal curvely (who le structure .

M(X) is the correct stark of domain curves in log-GW theory !



4
. M(X,i) and log-GW of restricted type1:0
-> type of tropical stable map to Ex = Ex.
Modulispace of tropical stable maps of type - is a come

,
also denotedI

Marking by + of a stable log map is an identification of 5 with
,

or X

a face of Qia : CEX Hop [ - Ex
↓ ms

Specia--R) atin
Defines closed algebraic substacles Me (X

,
+) = (X)

me (tmxMix) = M(X,
+) = M(x)

Important : · The (e) is pure-dimensional [unlike (X) !)

Idim = 3g-3 +k-dimi + dimB)

·M(X)-> M(X) is virtually smooth

=> M/X
,
T-> M(X

,
e) is also

Refined virtual fundamental clan : [M(Xi]]via = 3"[M/X,eivist
This provides enumerative meaning to any type of tropical stable map!


