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Classical result: There a 12 nodal cubics in Xo through two generalplo.
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are exactly I such stable log maps , with the same underlying
stable map .

These are all logarithmically unobstructed
=> logaW = 3

Total count : 12 = 9+ 3

Shows: Log GW theory of degenerations provide a natural
refinement of the ordinary GW-theory of the
general fibers .

The summands correspond to rigidtropicaltypes !
i.e, dimi = 1



Decompositionresult: [M(Xo .1)= m. [m(X ,
#>

rigid type
MIN : Lattice index of
=R

↳ [M(X,3)) =I [M(X,+)]

In epli 12 = 9+ 3



2. Splitting and gluing
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Consider X--B log smooth , proper , D= God log point
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We will interpret is as tropicalizations of puncturedstable maps
(whose contact orders may only lie in olphe rather than in olpl)
and prove
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"Evaluation stacke" : 12(, )=(X+)xX* #5

for gloving aloy or edges[ similarly for i(til]
Point; Working with1er gets vid of the stacky nature of

gluing stablepuncturedmaps in M(X
,
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Note : X > X smooth = 12(X)--1(X) smooth

=> Thu A reduces the computation of [M(X,i)Tvict to
computing Ser [eer(4,] !
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fs-cartesian : The fiberproduct in the category of Is log-schemes .
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It is modeled on the fiber product of concr :
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Expli E= So <= Roo shows :
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Still, despite That , S[(X,] is often difficult to compute
in practice.
Good case :

Yixian Wa : If the gling strate are isomorphic to toric varieties

[with their foricboystrl then STEM(X,T is a tropically
computable sum of products of [12/X,Will = Anle(X,will :
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The sum is over solutions (wi) of a perturbed matching problem.
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for the t: via a chosen displacement vertor for the gluing edges.
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Punctured curves and punctured GW theory
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Punctured curve : Almostan before ,
but instead of QOI at a marked

point admit submonoids Q
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Punctures appear naturally
when splitting nodes :
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i.e . puncturing is an small aspossible for f do exist.

Tropical interpretation:cop.

#QAI = Leg (p is bounded,
but extends to dry of olp).

Yields : · tropicalpuncturedmaps
· types ofa
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Important : MEX,+ now may not be log smooth over I, i.e .
have

toroidal singularities .
Rather

,
it is Locally somorphic to

the zero lo of an ideal in (PX] generated by
A monomial

,
a possibly non-reduced union of orbitclosures.

YG⑰ In particular, it may not be pure-dimensional,
but it is it+ is "realizable" (puncturing leg, point into olpil

Upshoh : We have [MIXrich in the realizable case.
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