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DT wall-crossing VS Picard-Lefschatz theory/in-Morse
(4d) * Id Cecotti-Kafa theory-
-

X + 1R4 I I well-crossing

-

[Y3 = QHP (Fand)
-

Known analogy
(Joyce , Bridgeland ....)

Is it more than an analogy ?



2) Wall-crossing/K-Mose theory
↑ Kahler manifold W : 4- K holomorphic

function
(P ,W) (eg . mirror of a Favo variety
Assume finitely many critical points P2. ... ..pu P

non-degenerate

⑫in
Wb

-Wipe



K- Morse theory ?
IB-More theory (P , F :PrRC%

S

Comanifold ↓I
- Morsecomplex % - Morse homology

# H(P,f)
&-Morta theory (P ,W: P- & holon

A

KahlenI - Fukaya category Ful /P
,W)



Wholomorphic

⑭ ReIN) 191= 2 real Morse function
Critical points p:

All same index

↓
= No gradient flow lines for generic

Ent
Possible for 3 = Sij

Il
-

pj pi)-W(pj)
(w(pi)-W(pj)

Z Fij = # Sij-gradient
IR"- (P ,W(

wipj flow lines between
pi

↓ and pj
&

IMP [ =# Sij-solitons = # 2d BPS states ]



Categorification BPSij complex pi
-# solts of 3-instanton

ep B-
Perturbed J-holom curves Pj

by Im()

⑮ijHigher Fukaya categories
↓ Fuk(P

,w)

↳ [Haydys , Grioto-Moore-Witten]
- -



Vary W -> Well-crossing formula
w

i i

i
+ k f Th

k

File -oFil +fijih 20 Wall- Crossing
W formula

(Cecotti-Vafal

(j) ( (
(Picand-Lefschetz)
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Analogy :

2d ↳d

(P,W) CY3

Spi , Pj) z ef

W(pil - W/pj) E& I 2 EC

Fij beg

BPSij Categorical I,

⑲) J ? (P, W) reproducing DT CYS

stay ?



Eloen theory
(M , w) IR-symplectic manifold

uolgrangi
P = space of pathsITo

, 13 to M

ending onL -L
Action functional

IR-Morse theory
-

F - IR

to Flow complex - HFF/lo
, 2) ⑳↳

Holomorphic Flor theory
·⑮(M , thz) K-symplectic [NoteichwhenSeeI ->/ij sh

z -> BPSij Vij E ↳ele Fuk(ws)Kin [ YLo - Fuh(p
,W) =Ham (,<) category

↳ 2-holom VLi Fact (M, 2) Fueter
Leg 2-category



② 5 N I = j = N"=J

u Hyperkuhlen Triple
=- 2

2 S= e :0 Jg = (os0) J+ (sinO) A

sphere-D -z

Twiston

a l + b5+ ch
a +6 + c = 2

S-soliton to Jg-holon curves
-

S instanton to IR + To, 2] - M
-

Fueter equation
I+J

[B , 2022] [Doan-Reachibor
, 2012]



(M
, MI) - Fuet(M ,Me)

? 2-category (A-model

C-conditions of = RW(M, ha)
30 o-model ( 2-category (B-model)

N= 4 IR"- (M,&2)

IR* + =)
= Lo ↳

Expected to play a role in 301 mirror symmetry
/Gammage- Milburn(Grioto - --



DT CY3 IR" xX E CY3 GADE

P 2 (Y3 G-Higgs on 2

40 N=2 L X ADE

IR3 + S" 3016- model ->M MbI↳
Conlomb branch

of theory on1R3+S I ↳ -
Stab(E)

- 4dSeibery-Witten integrable Contoub
systems branch

⑪ O IIB/X DT Fub(x)
= E

Br K-mosuli ofX dim
,
= by(X)

·TMr family of intermediate
B Jacobians

B
H
*

(X
, 1R)/H3(X

,2)



LiO+- +~⑧ 7
S section 2

! ↓ #j fiben one B

B Helf) -HyIX,El-r
X+ 6I Paths /F ,3)z =V- B

Long : (B , 2022)

-

⑪ X 10.8) Jy-holom arres
For non-compact CY]--

F
41 N=2 QFT I Categorical
-

- BPS(o,y)
(no gravity -

(2) , 5) J~ Cluster
- h = log GW (M

,
5)

Variety



# Expectations :

d
HowFuct(S ,S) = ① - categorification

of cluster algebras/
B O-functions

Hout(S,S) -Hom (S , Fs)

=categorification of expansion of
& functions on cluster charts.


