
~Mirror Symmetry El

Physics duality of IIA/IB string...

Math A-side B-side

(symplectic geometiy (complexgeometry(

enumerative :
Gromov-Witten insts variation of Hodge structures

(period integrals

homological : Fukaya category DUx

Basic question : For which pairs of spaces ?
Adhoc/synthetic : · Batyer-Bonior (CICY : forid

· Berglund-Hubsch
·
foric degenerations (Gross/S.

2002-2012)

Dream result : 14 Agrom) > (XD-geom)
for a naturalclan of is



Intrinsic mirrors : E
.
2

X(X
,
D) nc Horoidal),

- affine
absolute

weak (log-) Calabi-Yan 7 ~
case

I Spec CINE(Y)M

ky +D = [aDi , 9:20

Teg . Y Famo
,D-Ky) Lets

forany maximal degenerationa

variant :

% D = Y X

7 - projective relative
(4,
0) ↓ ~

toroidal o Spec CINE(Y)M
office curve

Rem : D/D should have a Od structur to produce

a mirror of the same dimension. [Spec in Fanocase]
>

Answer to basic question : X= (SPOYDabotTh

I'll explain the construction by going through one example.



I. A toroidal degeneration of (PE) E
.
3

· Givental/Hori-Vata : Urivor of Y= MID
,
D=PF: X= (+

of pair (Y, D) : add "superpotential" W= X++
t = -Se-Kahler clas

· Intrinsic mirror of (D) : X = (xy2= =AAE
"INEL]

.

More interesting : D = E = I Smooth cubic.

· Intrinsic mirror of (D) = 1 2 El : X= Att
While the structure coefficients of P(X, 0x1 are interesting
1 - Yu Wang's theist , the geometry has the wrong
dimension and is boring
· Instead

,
look at foridal degeneration (7.

8)
of INTE):

↳
&
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Intrinsic mirror : [We took NEly1 -N,
CrC.Dx]

Thm QHiy,
@) = CItD]/(XYZ-U WH-t . (x+ Y+1)

dey= 1 day = o

Ne: Dehomogenizing of M yields the Hori-Vadamirror and W=t(+y+21 .



II
. Step 1 : Tropicalize (4.0)5

g = Trophic : Zy <Iso

'Ill :

·
5 = R

-p2 + Roe + R2024 -
etc

.

S -24S

Rem: If Ky + D : ZaiD; with some ano , one neec to further restrict

to the KS-skeleton = Zy



III
.
Intrinsic mirror ring via structure coefficients

E.

an a module : QH(Y,
D) : = ① CINElyIM-U

(=) flat) peZg(E)

ring structure : PB = I
, NA .Pit

rsy(2)
AENE(y)

NH : punctured GW-int with contact order pg and-

N: ZylI = Ure is the set of non-negative contactorders.
↓

5 Zy [contacts withD]
Thus N requires punctures unless v= 0.

Thm (Gross/S. 119) QH°

(,
8) is associative.

For batter control : Alternative construction via wall structures.

Make also contact to our previous synthetic mirror construction
12002-20121 ,

which who retrieves the Matyrer-Borisor care of CICY-foric.



E. Step 2 : Aftine structure on [(y)/codim2
E

.
z

nc case : (toroidal : desingularize torically first

adjunction => Di ... Di = D also log- 14
=> any 1-stratum = (Pipts) (nowessential]

affine whart :
-ere 2, 1 ... En -1 Span (n-11-simplex

&

~ curve C = N' D

i
en ene

sith Enterricher
Expli C =PrDy in our degeneration (1.

8) of INTEL :

(3
,
2

.
11 = 2 :

11/111)(I +ez = - (Dj() . e
,
- /Di C : 24

⑨101) = e
///%//1

-Dj= (D
,

+ D
,
l . C = 2

10,
0

, 1) = 2
,

· Pil = ] . EE= 3

25= 11, 0
,
%

= e
,

= - 10
,

%
, 1) +210,1

,
1) - 3 - 11

,
0
, % = 76

,
2

. 11



I
. Step : Wall structure E

.
S

X-affine charts provide Laurent polynomial ringes
ocz(y) CIr] = CEXF,.., * ].

wall : a codiml Q-polyhedral comeo o

& fe CIPIg
= CLP(x--I]

NELS
wall structure : a unim of walls.

(.8) -canonical wall structure on Eli) :

one wall of for each wall type t = type of tropicalpunctured
map with one puncture withendpoint varying in In-11-dim'l

family.

fg = exp(1Watt) ②

or
Ut : contact order at puncture

· &

Was : punctured Gh-int for type t, class AENEly) · (g= 0)

be : a lattice indes



Canonical wall structure for Cy. 0) : /picture due to TimGratuitalS



E
.

/0

#
. Step 4 : X in codimI [CIND =LimSil

Work in finite approximation : Si = CIP/I Artinian
Nely)

To construct & away from codim 2
, glue copies of

(E) SpecSII)=xSpec dim i= n

(I) Spec Sits)[v]/(nr--t]) ,
dims

i. e. for wall in codim= / Comes of Fly)
- GES

Glowing maps :
· (E) C (#) open embedding if 30 face

[localize atwor v<uses ofline str. in codim= 1 !

# · Og : ST, Oglin) =
2

, mag
IfS fo . 23

,/=3
Result: UI

↓ flat

Specs

Later :I = has codim2



E
. Step5 : Extend over codim = 2 EN

Abstractly : PI := Moul [QHI(yD =EmPI]
Coffinex( I

This works (11 - Proje open embedding) because the up
an Xo (I=HoI) extend to Me FI :

In a chart Spac SIM at [(y) \Wwalls :

=N

The sure runs over types - of punctured tropical maps
with two punctures with contact orders p and ut

Ne,A :
the corresponding go punctured

GW-inst
,
clas AcNELy.



I
. Explicit computation via broken lines

E
.
R

The spire of a punctured tropical map of type+ is a "broken line"

- a piecewise linearpath
in glll = Ely) carrying a

monomal and bending at most when crossing wall :

&

O

- ·icontinue with some aha
-

p
zp

(c) = Zam

Here: No walls in bounded call o :

↑

T

Z
⑧

X

· only toric relations amonge for pe (2) :
· on

XYZ = 13
·
Y

·
broken Line starting with -ex andending in can never bend :

= W= Pe =-t



#
.

Outlook : Enumerative mirror symmetry
CY of dim =3

,

P= N.

Wy Have X
*
=X

,

often connected cmp . X*X
*

Ift : X
*

= B
,

i
.
e. morally a sertion of the STE-fibration]

Jet = a = logt + b . (oyt + h()(oy + + g(t)
X ⑰

Q

Both hI andgHf) contain the Sh-potential.
Wo mirror map correction since our families are already
canonically parametrized I[
trategy : Compute via wall-structure and prove correspondence

to log GW-theory of % C= GW theory of Y ,
t+1)

via tropical interpretation & gluing formula in log-CW.
w/van Garvel/Ruddard : works for KP ! (details inprogress



# Outlook : Homological mirror symmetry
#.

w/Perntz ,J.
Gaiter : (relative care

,
0 = %) fixedpointFloer homology

↓

QH(y% 1 log < S(YE :=HFY,
p20

I

: Y symplection sympleatic monodromyringofmonodromy /
has apair ofpart product

Once this is established, and cuuming the mirror X is generically
Smooth

,
HMS for maximally degenerating(Y's follows from the

following symplectic statement:
There exists a Lagrangian L = Y

,
that is a homology-sphere and with.

the closed-open map [L sertion of SYE-fibration]

20 : ((YE) # HF"lL, 1) is an iso

po
Je .g . a positive real coun yocY- existe it of is itself

aninfinite
Then use Polishchul's uniquenes theorem of As-structure on &

X, + automaticgenerationcovemirror symyi
1 Aborzaid

,
Ganadra /Perntz/Sheridan


