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Shrodinger equation

In Nuclear Magnetic Resonance (NMR) applications, the quantum
dynamic of particles is described by the Schrodinger equation

ov) .
EW = IH’\U>,

with H the (time-dependent) Hamiltonian and W the wave
function.

@ Simulations are of great importance. They provide
benchmarks for studies of new materials, and the development
of new magnetic fields.

@ H size increases exponentially with the number of particles.

e H is sparse and structured (Kronecker).
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Extended Rosen-Zener model

@ The Rosen-Zener (RZ) model [Rosen, Zener, 1932] is of the
highest importance as representative of two-level quantum
systems.

@ Important in Nuclear Magnetic Resonance (NMR) [Silver,
Joseph, Hoult, 1984; Hioe, 1984] and Magnetic Resonance Imaging
(MRI) [Zhang, Garwood et al., 2017].

@ In [Koyseva et al., 2007; Vitanov, 2010] the RZ model was extended
to multiple degenerate sets of states in the framework of
quantum-state engineering — Large-size ODE.

@ The extended RZ model has been used as a test model for
numerical solvers of non-autonomous evolutions equations
[Blanes, Casas, Thalhammer, 2017; Blanes, Casas, Murua, 2017;
Auzinger et al., 2019; Bader et al., 2022]
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Extended Rosen-Zener model

Goal: compute U(t) € CN*N N = 2k, the operator solution of:
0:U(t) = —iH(t)U(t), U(s) = In.

H(t) = w(t)o3 ® Iy + v(t)o1 @ My,

with the Pauli matrices o; and M, € Rkxk,
0 1
0 1 0 —i 1 0 .
1 0
_({1 0 _ _ Vo
o3 = 0 _1] , w(t) == wp+ecos(dt), v(t):= cosn(t/To).
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A new (linear scaling?) algorithm: Preview
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Approach outline

Problem Linear ODE
+
New solution expression *-product

+

Discretization Legendre polynomials
l

Matrix problem Kronecker, low rank
{

Numerical solution Iterative methods
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The problem: two systems of linear ODEs

We will solve two related problems.
First, the quantum state vector case. Compute the N-size vector
(t) solving:

0 p(t) = ~H(W(e), (o) =voe €, tel=tt]

Second, the operator case. Compute the N x N matrix-valued
function U(t) solving

%U(t) = —H(t)U(t), U(to)=In, tel=]to,ts]

Note that ¥ (t) = U(t)o.
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Solution expression: *-product

We define the x-product as [Giscard, P., Ryckebusch]

1, t>s,
0, t<s

(hxf)(t,s) = /Ifg(t,T)fl(T, s)dr, O(t—s)= {

where fi(t,s), (¢, s) comes from a specific class of distributions:
fi(t,s) = f;(t,s)O(t — s), fj analyticin t,s € /.
Then the solution to the problems are:

A~

U(t) = O(t, 1),  ¥(t) = U(t, to)wo,
with

O(t,s) = O(t — ) (Ind(t — s) + iH(t)O(t —5)) .
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Volterra Composition

§ 4. — Risoluzione generale di equazioni integrali.
9. Abbiasi una funzione analitica del tipo (1)
(1) Bl a5 s R
Seriviamo 1'equazione

(4) P, 4, .., 2,)=0.

(=10

n

S(z,9)=R(@.9) — 3 Rz, ) + 3 B(@,y) — -+ —L Bila.g)+ -

ove

Rz, ) =£’R,._, (w, EVR(E, ) d& .

e non dovremo porre alcuna limitazione per i valori assoluti di S(z,y),
R(z,y), purché siano finiti.

10 Qunnaniama in narvticalarva cha Ta (4) qia un malinamia razionala e

[Volterra, Rend Lincei, 1910]

Christian Bonhomme, Stefano Pozza Niel Van Buggenhout 10/



Discretization: Legendre polynomial expansion

If I =[—1,1], f(t,s) can be expanded in a 2D series:
f(t,s) = F(t)O(t —s) ~ aepk(t)pe(s),

with px the orthonormal Legendre polynomials:

1
/1Pk(7')PZ(T)dT:5k27

ani= | 11 pi(p) ( / 11 f(r. p)pm)df) dp.

and
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Discretization: Legendre polynomial coefficients

The function is then represented by the matrix:

Q0,0 ap1 Qg m-1
Q1,0 a1l ... 1 m-1
f(t,s)— | . _ " = F
Om-1,0 Om-11 --- Om-1m-1
Note that
m—1m-—1
ak,ePk(t)pe(s) = @m(t) T F om(s)
k=0 ¢=0
po(s)
~ [po(t) pm-1(t)] F :
pmfl(s)
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Matrix problem: the resolvent

The discretized x-product translates into the usual matrix algebra.

f(t,s)

1, =40(t—s)
f*_l

g(t,s)

fxg

f+g
O(t—s)
R.(f)

U(t,s)
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Kronecker structure and low-rank

In many applications, H(t) is given as a sum of products:
S
H(t) = 7 Hy < (e),
j=0

with H; sparse matrices, and f;(t) analytic scalar functions. Our
approach reformulates the problem as the linear system

Inm+ 1Y Hj @ Fj | vec(X) =t @ @m(—1),
j=0

with vec the vectorization transformation and F; the Legendre
discretization matrices. Equivelently, we have the matrix equation
with a low-rank rhs (state vector case)

X+ FXHT = om(-1)yq.
j=0
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Matrix equation and the Rosen-Zener model

In the Rosen-Zener model for the state vector case we get the
approximant:

w(t) ~ vec (em(t) T TuX), te[-1,1]
where X € CM*N is the solution of the matrix equation
X +iQuX(o3® )+ i VuX(o1 @ My) = om(—1)04

with Qs and Vs the M x M coefficient matrices of, respectively,
w(t) and v(t).
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Numerical solution: Iterations for the state vector ODE

At this scope, we can derive from (18) the (implicit) iterates:
Xpr1+ 1 QuXoi1(03 ® k) = =i VieXa(o1 © Mi) + dm(=1)q -

Thanks to the simple diagonal structure of the matrix o3 ® I, we
get the stationary iterative method.

Xnp1/2 = =i ViuXa(o1 @ Mi) + om(=1)¢q ;
X1 = G1Xpp1/201 + G2 X120 Da,

with Xo = ¢m(—1)1J and

. _ 10
G1 :(IM+IQM) 17 Dl - |:0 0:| ®Ik7

) _ 00
Gy =(Im—iQm)1, Dzz[o 1]@/;(.
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Algorithm for the state vector

Require: Error tolerance tol > 0 and svd truncation tolerance trunc > 0.
L=¢u(-1); R=qo;
g:[GlL, GQL]; dZ[DlR, DQR}Z,
while err > tol do

L=—iVyL; R = (01 ® My)R; > Iteration (6)
L=[G1L,GsL,g]; R=[DiR, D2R, dJ; > Iteration (7)
L=QrRr; > Economy-size QR decomposition
R, =USVH; > Economy-size SVD decomposition
r = min{j : 0; < trunc}, with diag(c;) = S;
L=QrU(,1:7)SA:r1:7); > Truncation
R = R conjugate(V(:,1:7)); > Truncation
b= L(RT conjugate(y)); > b= (Y& @ In)vec(LRT)
err = ||b — bora|2 > Cheap error estimate
bota = b;

end while

X~ LRT
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Matrix equation and the Rosen-Zener model

In the Rosen-Zener model for the operator case we get the
approximant:

U.j(t) ~ vec <¢M(f)TTMX(j)) ,

where U.;(t) is the jth column of U(t). Here, HU) is the solution
of the equation

X+ iQMX(U3 & Ik) +1i VMx(Jl & Mk) = ¢M(—1)ej,

i.e, the state vector equation with initial state 19 = e;.
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Algorithm for the operator solution

Require: Error tolerance tol > 0 and svd truncation tolerance trunc > 0.
L=¢pu(-1); R=1Iy;
gZ[GlL, GQL]; dI[DhDg];
while err > tol do

L=—iVyL; R = (01 ® My)R; > Iteration (6)
L=[GiL,G2L, g]; R=[DR, DR, d]; > Iteration (7)
L=QrLRy; > Economy-size QR decomposition
Ry, =USVH, > Economy-size SVD decomposition
r =min{j : 0; < trunc}, with diag(c;) = S;
L=QrU(:,1:r)S(1:r1:7); > Truncation
K = conjugate(V(:,1: 7)) ® In;
R = RK; > Truncation
b=L(R(1,1:N:1+(r—1)N)T; >b=2X(;1)
err = ||b — bodl|2 > Cheap error estimate
bola = b:,

end while

XD LRG,j:N:j+(r=DN), j=1,...
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Comparison: size
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Error order 1e — 7. Examples and methods for the comparison
from: [Blanes, Casas, Murua, The Journal of Chemical Physijcs, 2017]
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Comparison: accuracy
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Comparison: interval length
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@ We introduce a new method for the operator solution of the
Rosen-Zener model whose computational cost appears to
scale linearly with the size of the problem.

@ The method seems to scale linearly also with the length of the
domain if we do not include the discretization cost.

© Probably because of the system condition number, the
method cannot reach too high accuracy.

@ A method for the state vector case has also been introduced.

© This proves that the new x-approach to ODEs can play a
crucial role in the resolution of increasingly large problems
from quantum chemistry.
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