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Quadratic projectable Runge–Kutta methods
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Runge-Kutta methods are affine equivariant: applying a method before or after an affine change of variables
yields the same numerical trajectory. However, for some applications, one would like to perform numerical
integration after a quadratic change of variables. For example, in Lie-Poisson reduction, a quadratic transfor-
mation reduces the number of variables in a Hamiltonian system, yielding a more efficient representation of
the dynamics. Unfortunately, directly applying a symplectic Runge-Kutta method to the reduced system gen-
erally does not preserve its Hamiltonian structure, somany proposed techniques require computing numerical
trajectories of the original, unreduced system.

In this talk, we show when a Runge-Kutta method in the original variables descends to a numerical integrator
expressible entirely in terms of the quadratically transformed variables. In particular, we show that sym-
plectic diagonally implicit Runge-Kutta (SyDIRK) methods, applied to a quadratic projectable vector field, are
precisely the Runge-Kutta methods that descend to a method (generally not of Runge-Kutta type) in the pro-
jected variables. We illustrate our results with several examples in both conservative and non-conservative
dynamics.
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