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Abelian arrangements
G a connected abelian Lie group A=79 T = Hom(A,G) = G9
Abelian arrangement.  for x1,....xme€A A={Hy,...,Hn}
where the H; are the connected components of {t eT |X,- € ker(t)}
( Hi,...,H, alldistinct )

Topology: complement M(A) =T~ Uj’.’:1 H;

Combinatorics:  poset of layers P = P(A)

set of all nonempty connected components of M. H; for S {1,...,n}
order — reverse inclusion rank — codimension

atoms(P): Hi,....Hye A
often assume: max’l elts of P(A) are pointsin T =GY  rankA =d

G=C  hyperplane arrangement A in Hom(A,C) = C

G =C* toric arrangement A in Hom(A,C*) = (C*)?
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2 -2 0
Example A =77 ()(1)(2)(3):(0 1 1)

e determines a hyperplane arrangement = {H1 ,Ho, H3}in T =C?

Hy = (2x = 0} / \ \ P(A)

Hy ={-2x+y=0} '

Hs ={y =0} \‘/

e determines a toric arrangement A = {Hy, Ho, H3}in T = (C*)2
(1,1 (-1,1)

Hf UH; ={x? =1} /‘X‘\
o=y \\ //
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Graphic arrangements / Configuration spaces
I'graph vertex set [n] ={1,2,...,n} no loops or multiple edges
A= <v,->7:1 =70 Ar = {H,-j from v; - vj € A | (i,j) an edge of F} in G"
M(Ar) ={(x1.....X5) € G" | x; # x; if (i.) an edge of I'}
a “partial configuration space”
I’ complete = M(Ar) = Confy(G) = {(x1,...,xn) G| X # x;if i ij}
ordered configuration space
Fadell-Neuwirth (1962) n: Conf,1(G) — Confp(G) is a fiber bundle
fiber G \ {n points} (X1 -y Xns Xni1) > (X152, Xn)
has a section for G noncompact

equivariant with respect to 2, x 1 ¢ 2,1 and 2, actions

Proposition 3 induced bundle : Conf(™")(G) — UConf,(G)
where  Conf(™(G) = Conf,1(G)/Z,x1  UConfp(G) = Confn(G)/Z,
has a section for G noncompact unordered config space
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Supersolvability preliminaries

QcP=P(A) corank one subposet

downward-closed and closed under intersection
Q is an M-ideal if for all distinct Hj, Ha € atoms(P) \ Q

each component of Hy N H, is contained in some Hz € atoms(Q)
Qisa TM-ideal if additionally ¥ H € atoms(P)\ Qand Y € Q

H N Y is connected

Example Hf:{x2 =1}, Ho:{y = X3}, Hs:{y =1} in T =(C*)?
1,1) (-1,1)

=T, H3% M-ideal / ‘ >< ‘ \

not TM-ideal: H> n Hs not connected

{T.H, H;} TM-ideal \\ / /

Q
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Supersolvable abelian arrangements
A is (strictly) supersolvable if there is a maximal chain

T=20¢c%Hcwc <1 C —ruky =P
with each Q; a (T)M-ideal of its successor
Bibby-Delucchi (2022) Terao G = C (1986)
For A = Ay supersolvable, there are arrangements A; with Q; = P(A;)

and maps M(A;) — M(A;_1) so that the complement M(A) sits atop a
tower of fiber bundles

M(A) — M(Ag-1) — -+ — M(A2) — M(FA4)
The fiber of M(A;) — M(A;_1) is homeomorphic to G \ {¢; points}
Example H:{x2 =1}, Ho:{y =x?}, Hz:{y =1} in T =(C")?

Qy ={T, H3} M-ideal Qy ={T,H;", H;} TM-ideal
M(A) 2% M(A) = C (0, 1) M(A) 2% () = C~ {0, +1)
fiber C* \ {4 points} fiber C* \ {2 points}
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Supersolvable toric arrangement bundles as pullbacks
A c (C*)9 supersolvable toric arrangement “over” 8 with P(8) = Qq4_

ANB={H;.....H} H={(xy)e(C)¥ " xC

ym,-.O —,qum/ _ 0}

1T a root of unity
f-M(B)XC - C  f(xy) =y TTL (Y™ —x™) = y"+ 37, ai(x)y™’
Features e continuous coefficient maps a;: M(8) — C
e ¥ xe M(8B), f(x,y)eC[y] has n= ¢+ 1 distinct roots
o A strictly supersolvable over 8 = f(x,y) = y [1=(y" - pyx™)

Theorem A supersolvable over 8 as above
e bundle M(A) —» M(B), fiber C* \ {¢ pts} = C \ {n pts}, is the pullback
of 7: Conf(™)(C) — UConf,(C) along a: M(8) — UConf,(C)
X — {roots of f(x,y) € C[y]}

e A strictly supersolvable over 8 — M(A) — M(B) is the pullback
of 7: Confpi1(C) — Confpy(C) along b: M(8) — Confj(C)
X (0, X™ L pex™)
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Example He (X2 =1}, Ha:{y = X2}, H3:{y = 1}in(C*)?

={T, H3} M-ideal Qy ={T, H+,H‘} TM-ideal
M(ﬂ ——— Conf®)(C) fﬂ) ——— Confy(C)
M(B) — 23, UConfs(C) M(B) — P, Confs(C)
M(B) = C\ {0, 1} M(B) = C\ {0, +1}
a:y-{0,£y,£1} b: x — (0,x%,1)

General supersolvable / strictly supersolvable toric arrangements
A= Ay c (C) supersolvable / strictly supersolvable

M(A;) ———— Conf("))(C) M(A;) —— Confp11(C)
r r
M(ﬂjq) _— UCOnfnj(C) M(ﬂjq) _ Confnj(C)

~ sequences @ = (az.....aq) | b = (by.....by)
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Fundamental group

Theorem For A = Ay a supersolvable toric arrangement  ny =1+ ||
M(A) is a K(G,1) G = 11 (M(A)) = Fy >t (Fog, (- (Fp < Fy)
semidirect product structure is determined by @y = ((a2);. ... (aq);)
(@) m1(M(Aj—1)) — m1(UConfp,(C)) = By, braid group

and the classical Artin representation B, — Aut(Fp)

for A supersolvable over 8 as before

’ F, 1 (M(A)) ———— m11(M(8)) —— 1
l: i S laﬁ
1 Fn > m (Conf")(€) —— 71 (UConfp(C)) — 1

ay Artin

n1(M(8)) actson F, via n1(M(8)) — B, —— Aut(Fp)

Corollary G = m1(M(A)) is a linear group
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Braid group / Artin representation

B, = n1(UConf,(C)) = < ol | TiTj = 0j0, TiTi0} = 0',-+10',-0',-+1>

braid group 1<i<n li—j|>2 1<i<n-1
| P
Artin ZIZI—HZI T=1
By —— Aut(Fp) ifFa=( 2z ) oi(z)=1z j=i+1
1<j<n z; else
_ — - 2571 L o 1
Pn = m1(Confy(C)) = < Qj =0 4O OO O | relat/ons>
pure braid group 1<i<j<n
1,1 ,
i 222,72, k eli,j}
" — —1,-1 1,1 ;
Ppn — By —— Aut(Fp)  aj(z,) = 227;'2;'2,22.2;'2;" < k<j
z, else

Theorem A strictly supersolvable = G an almost-direct product
(action of x{:ﬂ Fn, on Hi(Fp,) is trivial for each j, k with 1 <j < k < r)

determined by Artin & By (I))s: 71 (M(Aj_1)) — m1(Confy, (C)) = Py,
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Homology Z coefficients for H, and H*
Corollary B-D (2022)
A strictly supersolvable —  H,(M(A)) torsion free

. , d ; d
Betti numbers given by Z;:o rank H;(M(A))t' = 1_[,':1 (14 njt)

Example Hf:{x2 =1}, Ho:{y = X%}, Hs:{y =1} in T =(C*)?

Qq = {T, Hz} M-ideal Q4 ={T,H;, H;} TM-ideal
B={Hs} M(B)=C~1{0,1}  B={H;} M(B)=C~{0,1}
a: M(8) — UConfs(C) b: M(8) — Conf3(C)
y {0, £y, +1} x - (0,x2,1)
ay: Fo — Bs Yo b 0,030, by: F3— P3 Xo &, X1 ay
Y1+ ooy X1 > 81,858

71 (M(A)) = Fs < F, semidirect  m1(M(A)) = F3 = F3 almost-direct
not almost-direct S0 Hi(M(A)) =28 Hy(M(A)) = Z°
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LCS=Lower Central Series Lie algebra

Gdiscrete group LCS:Gi =G Gkt =[Gk, Gl a9k = Gk/ Gkt
subgroups quotients

Lie algebra g =g(G) = P, 9« bracket from [u,v] = uvu'v"in G
Example G = F, free group = g =L[n] free Lie algebra
Theorem For A = Ay strictly supersolvable toric & G = n1(M(A))

an = o(G) = L[ng] = (L[Ng-1](= - - - = (L[n2] = L[m]))) semidirect product
Bj=(by)

structure from g = (B2,....84)  Hi(M(Aj_1)) ——— Hi(Confp(C))
and the “infinitesimal pure braid relations” bracket rels in g(Pp)

Corollary Kohno P,, Falk-Randell G = C (1985), B-D G = C* (2022)
d d ; .
[T (0 =ty = l—[,-:1(1 —mt) = > rank H(G;Z)(-1)  inZ[[1]]

where ¢ is the rank of the k-th lower central series quotient of G
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LCS Lie algebra illustrations U = [u] homology class

Kohno (1985) G = P, = m1(Conf,(C)) pure braid group g = a(Pr)
gens: Aj = [a;] rels: [Aj Al =0 [Ag. Aj+ Ak + Akl =0

1<i<j<n i.j.k.I distinct i<j<k, q=ij
=  gp+1 =L[n]~gn ap actionon L[n] =( Z ) given by
1<i<n

[Aij» Zq] = [2q, (0iq + 6jg)(Zi + £))]

Example  H;:{x* =1}, Ho:ly =X}, Hy:ly =1} in T =(C)
Q4 ={T,H;",H;} TM-ideal B={H,H;}  M(B)=C\{0,+1)

b by B=b.
M(8B) — Conf3(C) F3 — P3 Hi(M(8)) —— H;i(Conf3(C))

Xp 3‘122 Xo = 2A12
X > (0,X2,1) X1 > aos X1 — A23
1
X_1 7> 8458534, Xq = Ay

8Aa = 9(71'1 (M(ﬂ))) = L[S] < ag ag = (Xo, Xi,X_1) acts on L[S] = (Z):
X.21 = [B(X). 2] eg. [X0.Z] = [2Ar2, Z] = 2Zi. (611 +6:2)(Z1 + Z5)]

Daniel C. Cohen (LSU) Supersolvable toric arrangements September 2025 13



Cohomology

Theorem For A= Ay a strictly supersolvable toric arrangement
H (M(A)) = A HY (M(A)) [T J determined by 8 = (Ba.....Bq)
rationally Koszul Bj = (bj)s: Hi(M(A;_1)) — Hi(Confp(C))

a

1 (M(A)) —— Hy(M(A)) induces Ha(M(A)) —> A2 Hy(M(A))

abelianize

J= <ker [Hom(/\z Hy (M(A)), Z) 2o, Hom(Hg(M(?{)),Z)D

LCS Lie algebra relations encode Hz(M(A)) SR A2 Hi(M(A) & T
Example H:{x2 =1}, Ho:{y =x?}, Hs:{y =1} in T =(C")?
ga gens: Xo,X1,X_1,Z1,Zg,Z3

rels: [Xo, Z1] - 2[21 , Zg], [Xo, Zg] + 2[21 , Zg], [Xo, Z3]

(Xe1, 4], [Xer, 2] = (22, 48], [Xit, 23] + [22, 23]
H*(M(A)) = A<X0,X1,X_1,Z1,Zg,23>/j
T = <X0 AXy, XoANXq, Xy AX 4, ZinZ+2Xg N2y —2X) /\Zg>
LoNZs+XiNLo— X4 NLsy, ZoNZz+XANL—-X1ANZL
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Type C

Type C toric arrangement C, in (C*)" c C" hypersurfaces given by
x,-:O,x,-:1,x,-:—1}1 <i<n )(j—x,-:O,)(j—xl.‘1 :0}1 <i<j<n
complement M(Cp) = C" \ {these hypersurfaces }

Cp is strictly supersolvable e.g., b: M(Cp_1) — Confa,1(C) given by

b: (x;,....x )+ (0,1,-1,x,....x,_,x;",....x 1)

Cohomology E exterior algebra generated by degree one elements
Li» Pi» 77,-}1s/sn and a,-j,ﬁ,-j}1gi<jsn

Theorem  H*(M(Cn)) =E/J g generated by
Gipis  imis pini }1s/sn

(&G =) =), (oj—pi)aj—pi),  (j—ni)(aj—n),
(0j = pi + L) Bj = ) (mj = mi + &) (Bjj — mp), 1si<j=n
(& + &) Bi + &), (aj+ & — pi — mi)(Bjj — @)

(aik — aj)(ak —aj), (@K =i+ —Bi)Bik — Bij)s } .
(Bik = Bij)(ajk = Bi) (Bik + &i + ¢ — @) Bk — Bik) Tei<j<ksn
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Type C Resonance
First resonance variety of A= @, , A" = H(M(C»); C)

R'(A)={acA'|IbeA'withb# laandab=0} 1eC

Yongho Lee  work in progress
The first resonance variety of A= H*(M(C,);C) contains (only?)

n n n n ny .
(1) + (2) +16- (2) +25. (3) +9. (4) linear components
N————

3—-dimensional 2—-dimensional

Sample components
boring 3-dim’l component: ( Zi, pis Mi >
exciting 3-dim’l component:  ( p; + 1 = Bj. ni +pj —Bj» aj—By)  Ce
boring 2-dim’l component: ( ik — @jj, A — @ )
exciting 2-dim’l component: (& + 2p; — aj = Bj. 2pi + & — @~ B ) Bz
Consequence  corank 711 (M(Cp)) = 3
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Topological complexity

X' = {y: I - X continuous} free paths on X compact/open topology
ev: Xl - Xx X ev(y) = (y(0),y¥(1)) fibration

The topological complexity of X (path connected) is the minimal
number TC(X) =k sothat Xx X =UjuUU---U U with
each U; open and 3 continuous section s;: U; — X! evos; = idy,

Motivation for X the space of all states of a mechanical system
TC(X) measures the complexity of the motion planning problem in X

Theorem A c (C*)9 a rank r strictly supersolvable toric arrangement
— the complement has topological complexity TC(M(A)) = d +r+ 1
uses o M(A) = M(A')x(C)" A rankrin (C*)" from
Callegaro—D’Adderio—Delucchi—Migliorini—-Pagaria (2020)
e structure of m1(M(A)) ...
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